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Abstract
In this thesis the Kelly growth-optimum criterion, as one strand of portfolio theory, besides the widely
used mean-variance approach, is implemented and tested in a simulation study and on empirical basis.
The main objective of Kelly (1956) is the maximization of the expected logarithm of growth, leading
to, as Breiman (1961) proves, the asymptotically optimal strategy in an i.i.d. world, which can be
extended to arbitrary and time-dependent returns.
Under different parametric distribution assumptions for the outcomes, closed-form solutions for the
growth-optimum strategy will be presented. Within a simulation study it will be shown that, sam-
pling from the assumed data generating process naturally supports the asymptotic outperformance.
As the assumption of the known process is loosened and the Kelly strategy needs to be implemented
upon past, limited data, draw-down risks are increased and the portfolio maximizing the expected
logarithm of end wealth is shifted to fractional Kelly bets. This holds for the empirical out-of-sample
test. As the main statistical focus remains the improvement of the moment estimates in terms of er-
rors, conditional moments are estimated by econometric time-series models. Setting the conditional
mean forecast to zero if the conditional volatility forecasts surpasses the unconditional volatility,
leads to a cancellation of positions in times of high uncertainty, which, one the one hand, decreases
errors in the mean estimate and on the other hand, decreases portfolio draw-downs substantially.
6
Introduction
Given a set of investment opportunities, how should the investment weights should be chosen, in
order to have more wealth than anyone else at the end of the investment period, assuming equal
initial endowments?
The Kelly growth-optimum strategy is a betting scheme for an investor or a gambler, who seeks to
asymptotically maximize his growth rate of capital. This evolutionary stable strategy outperforms
any other significantly different strategy. In contrast to the theoretical feasibility, I will show for
the example of financial market returns that, in the presence of finite data, the strategy exhibits
exhibits significant risks in the short and medium term. Especially draw-down probabilities are not
acceptable for risk-averse investors.
After motivating the Kelly Criterion for standard parametric assumptions for the outcomes of the
bets, such as Bernoulli, Uniform, Normal or Student-T, I will test the criterion in a simulation study
in order to examine the riskiness of the strategy given finite data, with and without knowledge of
the parameters of the underlying stochastic process. Accordingly, the strategy is tested for empirical
markets. In order to improve the results under the assumption of stationarity, I replace maximum
likelihood estimators for the first two moments with time-series estimators, leading to improved
out-of-sample performance for the tested markets. Furthermore, a two-regime approach for the
conditional mean estimator is proposed, leading to a cancellation of long positions in times of high
conditional volatility, being able to reduce mean square errors of the mean estimator in the out-of-
sample test.
In literature, following Roll (1973), there are two main strands dealing with the management of risks,
thus, the allocation of wealth into a portfolio. On the one hand the famous and wide-spread two
moments, mean-variance approach of Markowitz (1952), Tobin (1958), Sharpe (1964) and Lintner
(1965) and on the other hand, the Kelly growth-optimum approach by e.g. Kelly (1956), Breiman
(1961) and Thorp (1971).
7
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Originally, Kelly (1956) showed, in the context of information theory, that the highest asymptotical
growth rate of capital equals the rate of transmission over a channel. Statistically, given a series
of bets with Bernoulli outcomes, betting the Kelly strategy implies betting the edge, outperforming
any significantly different strategy in the long run. This result can be extended to arbitrary (non-)
stationary distributions (Algeot and Cover, 1988). Although Kelly was initially understood in the
context of information theory and later gambling, Latane´ (1959), independent of Kelly, widened
the field of view to the inter-temporal investment problem. Breiman (1961) proves, in a general,
multivariate i.i.d. setting that no strategy, significantly differing from the Kelly-strategy, can asymp-
totically outperform the Kelly growth-optimum strategy.
Consequently, Thorp (1971) gathers the results from Kelly (1956) and Breiman (1961) and applies
those to gambling as well as basic investment opportunities. Independently, Hakansson (1971) devel-
ops an inter-temporal investment-consumption model, not significantly different from Kelly, through
which he shows that the fraction vector does not depend on the wealth level itself and he proposes,
under the log-normal utility assumption, that a serial correlation of returns does not constrain the
optimality of the solution. In the last part of this chapter, the results of Roll (1973) are gathered,
who tested the log-optimal model on an empirical basis, relating it to the famous Sharpe-Lintner
model.
From the view-point of asymptotic optimality, the theorems of Breiman (1961) are extended with
rising generality: Finkelstein and Whitley (1981) expand the optimality the Kelly Criterion to arbi-
trary distributed returns. Subsequently, Barron and Cover (1988) clarify, in the theoretical context
of information theory, the bounds on additional information and Algeot and Cover (1988), along with
Thorp (2006), prove the asymptotic optimality for arbitrary, time-dependent returns, representing
the highest form of generality in literature. Starting from there, the Kelly Criterion is examined
in the context of portfolio theory, including further risk constraints. In contrast, I aim to test the
strategy in its original intention.
For numerical computations and visualizations the software Matlab is going to be used. The empirical
data-set in daily frequency is downloaded from yahoo finance and covers eleven different markets with
a time span from 2005 to 2015. Covering the financial and the European dept crises, the asset prices
underlie rapid changes in value.
The first chapter of the Master Thesis starts to implement the Kelly Criterion under different para-
metric distribution assumptions. Following MacLean, Thorp, Zhao, and Ziemba (2010), the special
cases of the Bernoulli distribution and the normal distribution are analyzed in a simulation study in
chapter two. Over different betting horizons, I will show that the Kelly bet outperforms asymptoti-
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cally, as long as the true parameters of the data generating process are known. Within the simulation
framework, it will be seen that the major favorable properties of the Criterion are stressed when past-
dependent maximum-likelihood estimators, given finite data are, used.
In the third chapter, this result will hold for the out-of-sample test in financial markets. In a
mean square error analysis for the mean estimators for different markets, the hypothesis of Louis
Bachelier, that the best predictor for the value tomorrow is the value today, in line with weak market
efficiency, will be tested. As financial markets are not perfect, statistical and econometric methods
are utilized to estimate future moment forecasts of the according return distribution. Subsequently I
will introduce the modelling of (squared) returns in a time-series framework with according forecasts
for the first two moments. As the Kelly Criterion performs only well if the underlying process and
especially the first moment can be forecasted sufficiently, a two-regime-approach is proposed. If the
conditional volatility forecast exceeds a scaled unconditional volatility estimate, I assume the market
to be in a risky state, in which the whole position will be squared.
Chapter 1
Methodology
In order to implement the Kelly growth-optimum strategy, closed-form solutions given a parametric
assumption of the outcomes will be presented. The dealt with solutions are full Kelly solutions,
meaning that this is the original strategy, which may assign to put the total wealth or even more in
one market, excluding additional risk constraints. Risk constraints as part of the general optimization
problem will be dealt with in a separate chapter, leading to partial Kelly solutions.
Shortly reviewing the central result of Kelly (1956), the situation under binary events is extended by
including fair odds and a minimum bet in the expected growth rate Thorp (1984). Whereas Bicksler
and Thorp (1973) extend the approach of Kelly to uniform returns, Merton (1992) derives, under
the classic assumption of the geometric Brownian Motion for price changes, a continuous life time
portfolio strategy. Due to the fact that log-normal prices are assumed, the first two moments of
the returns need to be estimated. This leads, as the true distribution parameters are not known,
inevitable to errors, which are examined by Chopra and Ziemba (1993) in a relative manner. Thorp
(2006) shows that the results hold for the investment fraction when the outcome is symmetrically
distributed and the wealth process is approximated by a second-order Taylor approximation. As
especially financial returns are not normally distributed, Osorio (2008) generalizes the result of
Merton (1992) for the Student-T distribution and distributions, which are not heavy-tailed.
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1.1 Bernoulli trials (Kelly, 1956)
Kelly (1956) introduced the log-utility function in the context information theory and implicitly
gambling. Given Bernoulli-trials (Binary Channel) he shows that the use of the logarithmic utility
function maximizes the long run growth rate. But also in the short-term, he exhibits that the utility
function is myopic by period-by-period maximization, only upon the current value of initial capital
(MacLean, Thorp, and Ziemba., 2011).
Suppose a favorable game with winning probability 12 < p ≤ 1 and outcome 1 and losing probability
q = 1−p with outcome −1 and even odds, starting with initial wealth W0. The wealth after n trials,
betting fraction f of the initial capital (in %), is given by
Wn = W0(1 + f)
m(1− f)n−m. (1.1)
The exponential rate of asset growth per trial, equalling the logarithm of the geometric mean, can
be restated according to formula 1.1 by:
Gn(f) = log
(
Wn
W0
) 1
n
= log
[
(1 + f)
m
n (1− f)n−mn
]
=
(m
n
)
log(1 + f) +
(
n−m
n
)
log(1− f).
(1.2)
Consequently, the expected growth rate coefficient is given by
E[Gn(f)] = g(f) = p · log(1 + f) + q · log(1− f) = E[log(W )], (1.3)
where p is the winning probability and q the losing probability. Maximizing g(f) with respect to f
leads to
g′(f) =
(
p
1 + f
)
−
(
q
1− f
)
=
[
p− q − f
(1 + f)(1− f)
]
= 0
⇔ f = f∗ = p− q, p ≥ q > 0.
(1.4)
The second derivative according to f shows that f = f∗ is the unique maximum of the function
g(f∗) = p · log(p) + q · log(q) + log(2) > 0.
g′′(f) = −
[
p
(1 + f)2
]
−
[
q
(1− f)2
]
< 0 (1.5)
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In conclusion Kelly states that
Theorem 1.1.1 (Kelly). the optimal fraction, under Bernoulli trials, which should be invested per
trial, is f∗ = p−q, the edge. This fixed fraction strategy maximizes the expected value of the logarithm
of capital at each trial (Kelly, 1956).
As Thorp (1971) points out later, maximizing the expected logarithm of wealth E[log(Wt)] is equiv-
alent to maximizing the exponential rate of growth per time period g(f).
Even odds - Kelly (1956)
Figure 1.1 plots the surface of the expected growth rate as a function of the fraction and the win-
ning probability. The green parts of the surface are fraction-probability combinations through
which g(f, p) remains positive. The four data tips represent the optimal sets of portfolios for
p = [0.5, 0.6, 0.8, 0.95]. The optimally invested fraction is a linear function on the winning prob-
ability.
0
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0.5
1
−4
−2
0
2
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g(
f)
−1
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0
0.2
0.4
0.6
0.8
1
Figure 1.1: Logarithm of the geometric growth rate depending on fraction and winning probability
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Plotting the expected growth rate as a function of the fraction f with known winning probability,
the surface g(f, p) is reduced to the function g(f) for p = 0.6, which shall be maximized (Figure
1.2). The optimization algorithms in Matlab and in general aim to minimize convex or non-convex
functions, but the location of the maximum of g(f) is the location of the minimum of -g(f). For
illustration purposes the original g(f) was plotted and the maximum was market with a data tip.
−1 −0.5 0 0.5 1
−1.5
−1
−0.5
0
f
g(f) with p=0.6
g(
f)
Figure 1.2: Logarithm of the geometric growth rate depending on fraction with fixed winning probability at
60%
Of course, the numerical solution f∗ = 0.2 does not deviate from the analytical solution. Moreover,
Figure 1.2 indicates that the expected growth rate cannot be negative if f ≤ f∗ for f ≥ 0. But if
the winning probability is significantly overestimated, g(f) becomes negative. This is also a starting
point for risk-averse partial Kelly solutions.
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Uneven odds - Thorp (1984)
Now assume that the odds are not even anymore, so o ∈ R+.1 Thereafter, a game is favorable if
po− q > 0, leading to a variation of the logarithm of the geometric growth rate
go(f, o) = p log(1 + of) + q log(1− f), (1.6)
which is maximized, using ordinary calculus, by
f∗ =
op− q
o
=
edge
odds
. (1.7)
From the analytical solution, ∂f∗/∂o > 0 and ∂2f∗/∂o2 < 0. In order to examine the effect of
changing odds on the fraction, the surface of the function go(f, o) with p = 0.6 is plotted in Figure
1.3. The five data tips represent the optimal sets of portfolios for o = [1 : 5]. The invested fraction
is not linear in the odds.
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1
Figure 1.3: Logarithm of the geometric Growth Rate depending on fraction and odds with fixed winning
probability at 60%
1If the odds for winning are 1:1, the probabilities for both events, winning and losing, are even, so is the payoff. If
the odds are fair and for example 2:1, the probability of losing is two times the probability of winning, so the payoff
for winning is two times the payoff for losing.
CHAPTER 1. METHODOLOGY 15
Thus, holding the odds constant at three leads to the maximization of g(f) given o = 3 and p = 0.6
(Figure 1.4). The observation from Figure 1.2, that solely overaggressive betting leads to a negative
expected growth rate, holds.
−0.2 0 0.2 0.4 0.6 0.8 1
−1
−0.8
−0.6
−0.4
−0.2
0
0.2
f
go(f) with p=0.6 and o=3
go
(f)
Figure 1.4: Logarithm of the geometric growth rate depending on fraction with fixed odds three and winning
probability 60%
Even odds and a minimum bet - Thorp (2006)
There are many games, such as Blackjack or Poker, in which it would be seen curious, or where it is
just not possible, if one would play solely favorable situations. Hence, there is often a minimum bet
a ∈ [0, 1] involved. Let f be the bet on the favorable situation, where an edge is given, and af be
the bet on unfavorable situations. Using P(x) as notation for the probability for the favorable game
situation, Thorp (2006) modifies the Kelly growth rate in the following way:
ga(f, a,P(x)) = P(x) [p log(1 + f) + q log(1− f)] + [1− P(x)] [q log(1 + af) + p log(1− af)] (1.8)
The analytical solution will not be handy. Therefore the focus will lie on the numerical results. To
visualize the function which shall be optimized, we restrict on P(x) and the winning probability,
which we assume is given in a certain game. Changing the expected growth rate from Thorp (2006)
by
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i. approximating P(x) with (1/#players),
ii. assuming two players, so that P(x) = 0.5 and
iii. an edge of 20%
leads to the maximization of the expected growth rate
ga(f, a) = 0.5 [0.6 log(1 + f) + 0.4 log(1− f)] + 0.5 [0.4 log(1 + af) + 0.6 log(1− af)] . (1.9)
In the first place, the surface for the expected growth rate was plotted as a function of the fraction
and the minimum bet as a percentage of the fraction (Figure 1.5). The four data tips represent the
optimal fractions for a = [0, 0.05, 0.2, 0.5]. The Kelly gambler reduces the invested fraction, starting
with no minimum bet, from 0.2 to zero as a tends to one (Thorp, 2006). From the practical point
of view, under approximation of P(x), the fractions with varying a should be calculated beforehand,
due to the fact that the maximization ga(f, a) has to be done numerically. For a = 0.05, the
surface ga(f, a) reduces to the function ga(f) with p = 0.6, which was plotted with a data tip at the
maximum of the function (Figure 1.6).
0
0.5
1
0
0.5
1
−1.5
−1
−0.5
0
0.5
f
ga(f,a) with p=0.6
a
ga
(f,
a)
−1
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
Figure 1.5: Logarithm of the geometric growth rate depending on fraction and minimum bet with fixed
winning probability 60%
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Figure 1.6: Logarithm of the geometric growth rate depending on fraction with fixed minimum bet 5% and
winning probability 60%
Moreover, it is important to indicate that the Kelly fraction further reduces when P(x) decreases,
respectively when the number of players increases (see Table 1.1).
Players a 0 0.2 0.4 0.6 0.8 1
2 f∗ 0.2 0.155 0.104 0.059 0.024 ≈ 0
3 f∗ 0.2 0.112 0.03 ≈ 0 ≈ 0 ≈ 0
4 f∗ 0.2 0.072 ≈ 0 ≈ 0 ≈ 0 ≈ 0
Table 1.1: Optimally invested fraction depending on the number of players and the minimum bet
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1.2 Uniform returns (Bicksler and Thorp, 1973)
Presume a market of one risky asset, where the return is uniformly distributed on lower bound a
and upper bound b, so x ∼ U(a, b). Additionally, the investor can buy a risk free asset with constant
return r. So, the wealth Wn can be phrased as
Wn = W0 [1 + r + f(x− r)] . (1.10)
The exponential growth rate for this opportunity is
G(f) = log
(
Wn
W0
)
= log [1 + r + f(x− r)] (1.11)
and the maximization problem can be formulated as
max
f
E [G(f)] = max
f
g(f)
⇔ max
f
E {log [1 + r + f(x− r)]} .
(1.12)
The first order condition is given and rewritten by
∫ b
a
[
x− r
1 + r + f(x− r)
]
×
[
1
b− a
]
dx = 0
⇔ f(b− a) = (1 + r) log
[
1 + r + f(b− r)
1 + r + f(a− r)
]
⇔
[
1 + r + f(b− r)
1 + r + f(a− r)
]1/f
= exp
[
b− a
1 + r
]
.
(1.13)
As seen, there is no suitable closed form solution, so the optimal fraction f has to be calculated using
numerical procedures as Newton Raphson or Bisection method.
CHAPTER 1. METHODOLOGY 19
For exemplary analysis I set the bounds of the uniform r.v. x as [a, b] = [−0.5, 0.5] and the risk
free rate to r to 0.01. Following the Kelly strategy for those parameters, would imply to short the
risky asset by 12.12% of the initial capital, f∗ = −0.1212. Note, as the risk free rate increases, the
optimally invested fraction in the risky asset decreases.
Letting the upper bound b of the r.v. increase from 0.01 to 1, the optimal fraction increases non-
linearly. Letting the lower bound a of the r.v. increase from 0.01 to 1, the optimal fraction decreases
non-linearly (Figure 1.7). Missing values indicate numerical instabilities.
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Figure 1.7: Optimally invested fractions under uniform with changing bounds [a,b]
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1.3 Log-normal prices (Merton, 1969/1992)
The goal of this section is to derive a closed-form solution for the optimal fraction under lognormal
prices Pj for assets j to k, Gaussian log-returns Xj with μj and σj . The optimization problem is
max
f
E [G(f)] = max
f
g(f)
⇔ max
f
E {log [1 + r + f(X − r)]} .
(1.14)
The classic continuous-time solution of the inter-temporal investment-consumption problem is mainly
due to Merton (1969) and has been extended by many scientists, e.g. Browne (1997) and Browne
(2000). The focus primary lies on chapter four of his book “Continuous time finance” (Merton, 1992).
The crucial assumption, in order to derive the following results, is that the logarithm of the price
ratio, log
(
Pj,t+1
Pj,t
)
= log(Xj,t), follows a Geometric Brownian Motion (GBM), also called Itoˆ-process.
So, the price of the risky asset j satisfies the stochastic differential equation
dPj,t = μj,tPj,tdt+ σj,tPj,tdZj,t, (1.15)
where Zj,t are standard Brownian Motions, which can be dependent. Additionally, a risk free asset
with price R and risk free return 0 ≤ r < μj is assumed, evolving according to
dRt = rRtdt. (1.16)
Consistent with the Black-Scholes-Merton approach, the parameters μj , σj and r are supposed to be
constants - fixed over time - to attain one time-constant solution. The continuous wealth process,
depending on the consumption C in period t, can be described as
dWt =
⎡
⎣ k∑
j=1
fj,tμjWt
⎤
⎦ dt+
k∑
j=1
fj,tσjWtdZj,t. (1.17)
For the univariate case, one risky and one risk-free asset, the wealth dynamics can be rewritten in
the following form
dWt = [(fμ+ (1− f)r)Wt − Ct] dt+ fσWtdZt, (1.18)
and the lifetime objective function, as Merton (1992) calls it, is given by
I[Wt, t] = max
C,f
E
[∫ T
0
e−ρtU(Ct)dt+B(WT , T )
]
, (1.19)
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with impatience factor ρ and the Bequest valuation function at time T, concave in wealth at T. Using
a Taylor approximation at t and taking expectations
0 = max
C,f
{
e−ρtU(Ct) +
∂I(Wt, t)
∂t
+
∂I(Wt, t)
∂W
[ft((μ− r) + r)Wt − Ct]
+
1
2
∂2I(Wt, t)
∂W 2
f2t σ
2W 2t
}
≡ φ
(1.20)
with first order conditions
φc = e
−ρtU ′(C∗)− ∂I(Wt, t)
∂W
= 0,
φw = (μ− r)W ∂I(Wt, t)
∂W
+
∂2I(Wt, t)
∂W 2
f∗W 2σ2 = 0.
(1.21)
The solution to φ, the live time objective function is not trivial; hence, it needs to be simplified.
Assume that
J(Wt, t) = e
−ρtI(Wt, t). (1.22)
Letting T → ∞ the Bequest function at T, B(Wt, T ), falls out. The new objective function can be
written as
J [Wt] = max
C,f
E
[∫ ∞
0
e−ρtU(Ct)dv
]
, v ∈ [0,∞]. (1.23)
Thus, the Partial Differential Equation (PDE) simplifies to the Ordinary Differential Equation (ODE)
0 = max
C,f
{
U(Ct)− ρJ(W ) + ∂J(Wt, t)
∂W
[ft((μ− r) + r)Wt − Ct] +
1
2
∂2J(Wt, t)
∂W 2
f2t σ
2W 2t
}
,
(1.24)
which is no longer a function of time, due to the fact that dt fell out. Poon (2010) describes this step
as a “key development in solving the life time consumption decision”.
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Remembering Thorp (1971), the main aim is to present optimal portfolio strategies under the log-
utility function in a normative way: For the case of CRRA (Constant Relative Risk Aversion). The
isoelastic marginal utility is given by
U(C) =
1
γ
Cγ , (1.25)
with relative risk aversion (RRA)
RRA = −U
′′(C)
U ′(C)
C =
−(γ − 1)Cγ−2
Cγ−1
C = 1− γ, (1.26)
which is a constant, therefore, constant RRA. If U(C) = log(C), then γ = 0 and RRA = 1. For the
isoelastic case, substituting the RRA into the the FOC φc gives
e−ρt(C∗)γ−1 = I ′(W ) ⇔ C∗ = [e−ρtI ′(W )] 1γ−1 ,
f∗ = −
(
μ− r
σ2
)
W
J ′(W )
J ′′(W )
.
(1.27)
For the T → ∞, the optimal decision rules can be rewritten as
C∗ = J ′(W )
1
γ−1 , (1.28)
f∗ = −
(
μ− r
σ2
)
W
J ′(W )
J ′′(W )
. (1.29)
Following the solution of J(W) with v
γ−1
γ W
γ the following theorem can be stated.
Theorem 1.3.1. Univariate Solution
Assuming that the infinitesimal price changes follow a GBM under an isoelastic marginal utility
U(C) = 1γC
γ with CRRA, Merton (1969) shows that the optimal consumption and investment rules
in the infinite time case are given by
C∗∞,t =
[
ρ
1− γ − γ
(
(μ− r)2
2σ2(1− γ2) +
r
1− γ
)]
(1.30)
f∗∞ =
(
μ− r
σ2
)
[1− γ]. (1.31)
The optimal consumption and investment strategy is, consistent with e.g. Hakansson (1970) or
Hakansson (1971), independent of wealth and consumption. Owing to the fact, that μ, σ and r are
supposed to be constants, the optimal fraction f∗∞ solely depends on the risk aversion parameter γ.
Corollary 1.3.1. Log-utility
Assuming the logarithmic utility, so γ = 0, theorem 1 simplifies to
C∗∞,t = (ρ+ r)Wt (1.32)
f∗∞ =
(
μ− r
σ2
)
. (1.33)
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Consumption becomes a linear function of wealth and the invested fraction exhibits a close relationship
to the Sharpe-Ratio (Poon, 2010).
Theorem 1.3.2. Multivariate Solution
Consequently, Merton (1992) extends the univariate solution to the multivariate analogue, given by
f∗∞ = Σ
−1(μ− r1), (1.34)
with the fixed fraction vector f∗∞ =
⎡
⎢⎢⎢⎣
f∗j,∞
...
f∗k,∞
⎤
⎥⎥⎥⎦, the covariance matrix Σ =
⎡
⎢⎢⎢⎣
σ2j . . . σj,k
...
. . .
...
σj,k . . . σ
2
k
⎤
⎥⎥⎥⎦, containing
the variances of assets j : k in the diagonal and the covariances around, the mean vector μ =
⎡
⎢⎢⎢⎣
μj
...
μk
⎤
⎥⎥⎥⎦
and the risk free rate r multiplied by an appropriate vector of ones 1 =
⎡
⎢⎢⎢⎣
1
...
1
⎤
⎥⎥⎥⎦.
A crucial fact to consider is that the results under the GBM-assumption, starting from Breiman
(1961), up to Algeot and Cover (1988), hold also for Merton’s continuous time solution, although
Merton never relates to the names Kelly or Breiman. On the one hand, Merton rests his solution
on the maximization of the expected logarithm of terminal capital and therefore indirectly follows
Kelly (1956), but on the other hand he widens the field of utility functions and provides more general
solutions.
In 2009, on the foundation of Breiman (1961) and Thorp (2006), Lv and Meister derive an identical
multivariate, continuous time solution as in the presented theorem from Merton. But, they prove
the existence of this “self-financing trading strategy” under multiple Ornstein-Uhlenbeck processes
in complete markets (Lv and Meister, 2009). Owing to the fact that the solution to the optimal
fraction is identical to Merton (1992), the details will be omitted.
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1.4 A continuous approximation (Thorp, 2006)
In order to apply the Kelly Criterion for security markets, continuous distributions are relevant. As
reasoned before, the goal is to maximize g(f) = E[log(1 + fx)] =
∫
log(1 + fx)dP(x) with P(x) as
probability measure for the outcomes and f as invested fraction of capital, which we aim to optimize.
Constraints are 1+ fx > 0, so log is defined and
∑
fj = 1. If we let outcomes x be a symmetric r.v.
around E(x) = μ with V ar(x) = σ2, the wealth W can be described as
W (f) = W0[1 + (1− f)r + fx] = V0[1 + r + f(x− r)], (1.35)
with r as return of the risk free asset. Consequently,
g(f) = E[G(f)] = E log[W (f)/W0] = E log[1 + r + f(x− r)]. (1.36)
For a subdivided time interval with T independent steps
WT (f)
W0
=
T∏
t=1
[1 + (1− f)r + fxt]. (1.37)
Taking expectation and natural logarithm on both sides leads to g(f). This result derives from a
second order Taylor-approximation:
g(f) = r + f(μ− r)− σ2f2/2 +O(n−1/2). (1.38)
For t −→ ∞, O(n−1/2) −→ 0, leading to
g∞(f) = r + f(μ− r)− σ2f2/2. (1.39)
Differentiating g(f) according to f leads to
∂g∞(f)
∂f
= μ− r − σ2f = 0 ⇔ f∗ = μ− r
σ2
. (1.40)
The result holds for any bounded r.v. with the first two moments μ and σ2. Note that this is
the same simplified fraction as derived in Merton (1992), assuming the log-utility function in the
normative sense. Thorp (2006) observes that as t −→ ∞, the wealth tends to a log-normal diffusion
process with an underlying security with drift μ and variance rate σ2. So, g∞(f) is the instantaneous
growth rate of depending on fraction f :
g∞(f) = r + f(μ− r)− σ2f2/2. (1.41)
Betting the optimal fraction f∗ leads to growth rate
g∞(f∗) =
(μ− r)2
2σ2
+ r. (1.42)
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For the given approximation, g∞(f) is parabolic around f∗ with range 0 ≤ f∗ ≤ 2f∗.
From the log-normality of W (f)/W0 it follows that
log
(
W (f)
W0
)
∼ N(μ˜ · t, σ˜2 · t),
∼ N(g∞(f) · t, σ2f2 · t).
(1.43)
Furthermore, Thorp solves for the expected portfolio growth with scaling k as tkg∞ = kt
1/2
k Std(G∞(f))
to get
tkg∞ =
k2σ2f2
g∞
⇐⇒ tk = k
2σ2f2
g2∞
.
(1.44)
Thorp (2006) points out that the moments of x and also the risk free rate r are changing over time,
leading to a changing optimal fraction f∗. Without further detail he proposes to re-estimate the
optimal fraction periodically.
The multivariate case is derived analogously, giving, in accordance with Merton (1992):
f∗ = Σ−1(μ− r1) (1.45)
g∞(f∗) = r +
f∗Σf∗
2
. (1.46)
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1.5 Student-T returns (Osorio, 2008)
Osorio (2008) argues that especially stock prices are not log-normally distributed as argued in Merton
(1992). Excess kurtosis and skewness cannot be sufficiently captured. Having a daily return x, coming
from the probability measure P(x), the Kelly bet implies betting the fraction f∗, which maximizes
E[log(1 + fx)].
For the continuous return distribution P(x) in the (−∞,∞) domain, the aim is to maximize
U(f) =
∫ ∞
−∞
P(x) log(1 + fx)dx. (1.47)
In order to avoid that the log function becomes zero or negative, the integral requires a lower
bound x1 > −1/h. For distributions decaying sufficiently fast to zero, the truncation does not
imply to cut off significant probability mass. But for heavy-tailed, slower decaying distributions this
approximation may not be sufficient (Osorio, 2008).
Osorio (2008) alternates the problem formulation for unbounded probability in two steps:
i. Specify a small number δ << 1, representing the tail area, which should be neglected by the
log-utility. x1 and x2 are the according thresholds in the sense of
∫ x1
−∞
P(x)dx =
∫ ∞
x2
P(x)dx = δ. (1.48)
Neglecting a part of the left tail should remove the divergence in the integrand at x = −1/h.
The right tail is truncated accordingly to make the utility function ’fair’.
ii. Optimize the optimal fraction on the (x1, x2) domain
max
f
∫ x2
x1
P(x) log(1 + fx)dx. (1.49)
By choosing δ accordingly, we try to solve the trade-off of neglecting areas under P(x) (choose
δ small enough) and having x1 > −1/f∗ for the optimal fraction (choose δ large enough). The
optimal fraction is derived by differentiating the integral with respect to fraction f :
∫ x2
x1
P(r)
[
∂ log(1 + fx)
∂f
]
f∗
dx =
∫ x2
x1
P(r)
[
x
1 + f∗x
]
dx = 0 (1.50)
The factor x1+f∗x of the integrand on (x1, x2) can be approximated by a Taylor Expansion of second
order, 1 − f∗x. According to Osorio (2008) this approximation holds for most practical applica-
tions including the case of the Student-T distribution with three degrees of freedom, having infinite
kurtosis.
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If we assume further that the neglected areas are small,
∣∣∣∣
∫ x1
−∞
P(r)x(1− fx)dx
∣∣∣∣ << 1∣∣∣∣
∫ ∞
x2
P(r)x(1− fx)dx
∣∣∣∣ << 1
(1.51)
and the functions P(x)x(1− hr) and P(x)x/(1 + hr) are close to each other between x1 and x2
∫ x2
x1
P(x)x(1− f∗x)dx ≈
∫ x2
x1
P(x)
x
1 + f∗x
dx (1.52)
the original derivative can be approximated by
∫ −∞
∞
P(x)x(1− f∗x)dx ≈ 0. (1.53)
Thus, the solution for the optimal Kelly fraction can be formulated as
f∗ =
〈x〉
〈x2〉 =
μ
μ+ σ2
, (1.54)
where 〈. . .〉 denotes the average for the probability density function with mean μ and variance σ2.
This result holds for all probability density functions decaying fast enough, so that the probability
mass below x1 and above x2 is neglectable and f
∗ < 1/ |x1| to avoid singularity in the integrand
(Osorio, 2008). Empirically, μ << σ2, simplifying the given solution to the already given solution
f∗ = μ/σ2. For the Student-T distribution Osorio shows that the approximation, using the second
order Taylor approximation, breaks down at ν < 4 as kurtosis tends to infinity.
Chapter 2
Simulation study
Whereas chapter 1 gave an overview over the parametric solutions to the inter-temporal investment
problem of maximizing the expected logarithm of wealth, the aim of this section is to test if the
Kelly strategy Λ outperforms risk-averse and -seeking analogues in a simulation study under different
distribution assumptions with and without knowledge of generally unknown distribution moments
(In-sample and Out-of-sample). Hereby, I aim to test if the Kelly Criterion has favourable short-
and mid-term properties, additionally to the two asymptotic theorems of Breiman (1961).
2.1 Asymptotic optimality in discrete time - Breiman (1961)
Inspired by the paper of Kelly (1956), Breiman (1961) proves three asymptotic results for the Kelly
strategy of maximizing the expected logarithm of wealth in a general discrete time setting, in which
returns are assumed to be inter-temporally independent and stationary (i.i.d.) in discrete time
(MacLean, Thorp, and Ziemba., 2011).
Define an investment strategy Λ as the investment fractions f (in % of initial wealth) from time
t to T and opportunities, say stocks, j to k as
⎡
⎢⎢⎢⎣
fj,t · · · fj,T
...
. . .
...
fk,t · · · fk,T
⎤
⎥⎥⎥⎦, in vector notation [fj,t, · · · , fj,T ].
Introducing the security price vector pt of the assets with
⎡
⎢⎢⎢⎣
Pj,t
...
Pk,t
⎤
⎥⎥⎥⎦, the return per unit invested xt is
28
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given by
⎡
⎢⎢⎢⎣
Pj,t
Pj,t−1
...
Pk,t
Pk,t−1
⎤
⎥⎥⎥⎦. Consequently, the wealth of the investor in period t can be expressed as
Wt =
[
ft xt
]
Wt−1 (2.1)
For betting systems, Wt increases exponentially. Therefore, maximizing E[log(Wt)] maximizes the
rate of growth. Breiman calls a game favorable if there is a strategy, lim
t→∞Wt = ∞ almost surely.
The first objective of Breiman is to minimize the time to reach wealth goal g > 1, T (g) in the form
of the smallest t, such that the wealth Wn ≥ g. T ∗(g) is the number of games needed to reach a
wealth level larger that g given Kelly strategy Λ∗.
Theorem 2.1.1 (Breiman). In a given i.i.d. setting, there is a constant α, which is independent of
Λ and g, so that
E[T ∗(g)]− E[T (g)] ≤ α, (2.2)
where α is non-negative iff Λ∗ is not essentially different from Λ.
Therefore, investment strategy Λ∗ asymptotically minimizes the time to reach goal g, following the
proposed model assumptions.
Theorem 2.1.2 (Breiman). If investor A bets according to maximize E[log(Wt)], strategy Λ
∗, and
investor B bets, upon the same information set, an essentially different strategy Λ,
E[log(Wt|Λ∗)]− E[log(Wt|Λ)] −→ ∞, (2.3)
then Breiman proves that
lim
t→∞
Wt|Λ∗
Wt|Λ = ∞ (2.4)
almost surely.
Heuristically speaking, Breiman proves that, in this discrete i.i.d. setting, the investment strategy
Λ∗ is asymptotically optimal.
Theorem 2.1.3 (Breiman). Assuming a fixed set of opportunities, the optimal fraction set exists
and is independent of time, thus, constant.
This theorem will be crucial, as the assumptions behind it are not fulfilled. In the chapter 2, it will
be shown, that e.g. estimators for unknown parameters vary over time, and therefore, the set is not
fixed.
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2.2 Portfolio simulations under Bernoulli trials
2.2.1 The Kelly bet from the short term to the long term, constant edge
A discrete random variable has a Bernoulli distribution if, for two possible states, the first state has
probability p and the second state has the probability q = 1 − p. Our initial wealth is given with
100. Assuming an edge of p− q = 4%, the question is how much of our initial wealth (in %) should
the individual bet on the first state. Imagine a blackjack game in which the individual is able to
estimate the edge precisely.1
The game is played 100, 1000, 10, 000 and 100, 000 times. Those different scenarios are run with
10, 000 trajectories each. The solution, which has been presented already by Kelly (1956) implies
betting the edge itself, as it is optimal in the sense of maximizing the expected logarithm of wealth.
This strategy shall be called full Kelly strategy. Half Kelly, being more risk averse, implies betting
half the original Kelly bet and double Kelly means betting double the amount of the full Kelly
bet, representing overaggressive betting. According to MacLean, Ziemba, and Blazenko (1992) over-
betting is not advised since long run growth rate and also security fall.
1For a more comprehensive discussion around Blackjack, see Thorp (1966) and Thorp (2006)
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Figure 2.1: First trajectory, 100 Bernoulli trials
Edge of 4%, 100 games
The descriptives of the end-wealth after 100
trials of the 10,000 trajectories are given in
table 2.1. The first exemplary trajectory
for each betting scheme can be seen in fig-
ure 2.1. For the scenario of 100 trials with
an edge of 4% I observe that with rising
betting size up to double Kelly (see table
2.1)
  the resulting wealth on average increases (line 1), although the full Kelly strategy always has
the highest mean of the final logarithmic wealth,
  the standard deviation of the final wealth increases exponentially (line 2),
  the probability of ending below the initial, half initial and one tenth of initial wealth increases
(line 3-5),
  the probability to hit the wealth goals of 200 and 1000 at some trial increases (line 6,8) and
  the average time to reach that goal, for those trajectories reaching the goal, decreases (line
7,9).
4% edge, 100 trials Half Kelly full Kelly Double Kelly
Mean(WT ) 108.03 116.62 135.39
Std(WT ) 21.56 47.73 122.61
P(WT < 100) 0.38 0.46 0.54
P(WT < 50) 0 0.0270 0.1865
P(WT < 10) 0 0 0.001
P(Wt > 200) 0.001 0.1 0.35
Mean(T : 200) 92.11 73.08 50.74
P(Wt > 1000) 0 0 0.002
Mean(T : 1000) NaN NaN 86.68
Table 2.1: Descriptives for the wealth trajectories after 100 Bernoulli trials
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Figure 2.2: First trajectory, 1000 Bernoulli trials
Edge of 4%, 1000 games
The descriptives of the end-wealth after 1000
trials of the 10,000 trajectories are given in
table 2.2. The first exemplary trajectory for
each betting scheme can be seen in figure 2.2.
The differences to the simulations with 100
trials are, that as the number of games in-
creases
  the mean-variance trade-off in end-wealth intensifies, although the full Kelly strategy always
has the highest mean of the final log-wealth,
  the probability of ending below the initial wealth decreases, whereas the probability of ending
up with less than half or one tenth increases and
  the probability reaching double or ten times the initial wealth increases.
4% edge, 1000 trials Half Kelly full Kelly Double Kelly
Mean(WT ) 222.41 487.15 1980.74
Std(WT ) 152.17 859.54 15699.32
P(WT < 100) 0.18 0.27 0.51
P(WT < 50) 0.02 0.12 0.38
P(WT < 10) 0.0001 0.008 0.18
P(Wt > 200) 0.6 0.76 0.77
Mean(T : 200) 540.38 342.18 205.82
P(Wt > 1000) 0.005 0.18 0.35
Mean(T : 1000) 887.32 716.07 504.59
Table 2.2: Descriptives for the wealth trajectories after 1000 Bernoulli trials
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Figure 2.3: First trajectory, 10,000 Bernoulli trials
Edge of 4%, 10,000 games
The descriptives of the end-wealth after 10,000
trials of the 10,000 trajectories are given in
table 2.3. The first exemplary trajectory for
each betting scheme can be seen in figure 2.3.
The differences to the simulations with 1000
trials are, that as the number of games in-
creases
  the mean-variance trade-off in end-wealth intensifies, although the full Kelly strategy always
has the highest mean of the final log-wealth,
  the probability of ending below the initial wealth decreases fast for the half and full Kelly
betting scheme whereas for the double Kelly strategy the downside risk increases and
  the probability reaching the specified goals increases, but it increases faster for half Kelly,
then full Kelly, then double Kelly, meaning that a risk-averse strategy leads to the highest
probability of reaching a goal, but needing the largest average time.
4% edge, 10,000 trials Half Kelly full Kelly Double Kelly
Mean(WT ) 3.35e+05 2.1e+09 2.09e+13
Std(WT ) 3.36e+06 1.35e+11 2.02e+15
P(WT < 100) 0.001 0.02 0.49
P(WT < 50) 0.0005 0.015 0.45
P(WT < 10) 0 0.005 0.38
P(Wt > 200) 0.99 0.99 0.93
Mean(T : 200) 1151.8 822.1 684.97
P(Wt > 1000) 0.98 0.97 0.77
Mean(T : 1000) 3703.8 2587.2 2086.8
Table 2.3: Descriptives for the wealth trajectories after 10,000 Bernoulli trials
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Edge of 4%, 100,000 games
The descriptives of the end-wealth after 100,000
trials of 2,000 trajectories are given in ta-
ble 2.4. The first exemplary trajectory for
each betting scheme can be seen in figure 2.4.
The differences to the simulations with 10,000
trials are, that as the number of games in-
creases
  the full Kelly portfolio outperforms its risk-averse and risk-seeking counterpart,
  the probability of ending below the initial wealth is zero for the half and full Kelly betting
scheme whereas for the double Kelly strategy remains with a probability of around one half
that the capital will be below a tenth of the original wealth and
  the probability reaching double or ten times the initial wealth is one for half and full Kelly;
the smallest average time to reach those goals is given by the full Kelly strategy.
4% edge, 100,000 trials Half Kelly full Kelly Double Kelly
Mean(WT ) 4.7311e+34 1.7076e+53 1.4887e+38
Std(WT ) 1.9787e+36 7.62e+54 6.6577e+39
P(WT < 100) 0 0 0.5145
P(WT < 50) 0 0 0.5
P(WT < 10) 0 0 0.47
P(Wt > 200) 1 1 0.97
Mean(T : 200) 1118.9 876.32 2286.3
P(Wt > 1000) 1 1 0.92
Mean(T : 1000) 3837.3 2808.9 6530.5
Table 2.4: Descriptives for the wealth trajectories after 100,000 Bernoulli trials
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2.2.2 Influence of the edge-size
The edge size influences the results of the portfolio simulations. As the edge increases
  the mean-variance trade-off intensifies for given trials, although the full Kelly strategy always
has the highest mean of the final log-wealth,
  draw-down probabilities decrease when betting below full Kelly and draw-down probabilities
increase when over-betting,
  the probability of reaching a specific target is, also for a lower number of trials, optimal for the
full Kelly portfolio,
  the time to reach that specific target is minimized for a significantly lower horizon in contrast
to having the lower edge,
  the out-performance of the full Kelly strategy in terms of the mean of the end wealth occurs
at a significantly lower number of trials.
Exemplary, the summary statistics are given for an edge of 20% in table 2.5. The invested fraction
is f = p− q = 0.2. The results use the given 10,000 trajectories for each strategy for the number of
trials 100.
20% edge, 100 trials Half Kelly full Kelly Double Kelly
Mean(WT ) 708.24 4756.5 1.61e+05
Std(WT ) 859.07 24899 7.87e+06
P(WT < 100) 0.06 0.18 0.54
P(WT < 50) 0.02 0.09 0.46
P(WT < 10) 0 0.02 0.3
P(Wt > 200) 0.89 0.91 0.81
Mean(T : 200) 38.41 25.07 17.36
P(Wt > 1000) 0.27 0.57 0.52
Mean(T : 1000) 79.4 57.77 37.54
Table 2.5: Descriptives for the wealth trajectories after 100 Bernoulli trials
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Results
The short-term results given the Bernoulli trials for 100 days, respective three months, indicate that
there is a trade-off between safety and return. Although the full Kelly strategy has the highest
mean of the logarithm of final wealth, over-betting leads to better absolute results on average, with
a significantly higher risk of severe draw-downs. Nevertheless, if an individual has the objective to
double its initial wealth within three months, a risk-seeking strategy is not avoidable.
The mid-term results for 1000 days, respective three years, indicate that the trade-off between safety
and returns remains. Whereas draw-down probabilities for the risk-averse (seeking) strategy decrease
(increase) overall, the probability to double the initial wealth within three years is not significantly
higher for the risky strategy. If the goal is to increase the wealth by a factor of ten, the risky strategy
is again, not avoidable, taking severe draw-down risks.
The long-term results for 10,000 and 100,000 days, respective thirty and 300 years indicate that the
average final wealth of the full Kelly strategy starts to outperform the Kelly variants. Strategies
below or at full Kelly exhibit low draw-down probabilities at the end of the trials and have the
highest probabilities to reach specified goals.
Asymptotically, the paper of Breiman (1961) has already proven that the full Kelly strategy is optimal
in outperforming any other significantly different strategy and needing the minimal time to reach
a certain goal. Hence, over-betting is not advised as it decreases long term growth and increases
draw-down probabilities. Risk-averse individuals on the other hand, should bet below full Kelly as
it minimizes draw-downs, although decreasing long-term growth. Additionally, if the true winning
probability is estimated incorrectly, a risk-averse strategy is not only beneficial but elementary.
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2.3 Portfolio simulations for one risky and a risk-free asset
2.3.1 Gaussian simulations, given moments
In this chapter, I am going to extend the papers of Ziemba and Hausch (1986) as well as MacLean,
Thorp, Zhao, and Ziemba (2010). Besides increasing the amount of trajectories and covered time
span, I will simulate from the non-parametric density of stock returns and drop the assumption that
we know the past moments of stock returns. This leads to varying fractions over time.
The portfolio simulations start with wealth 100. Assuming the risky asset to be the S&P500, ac-
cording prices following a Geometric Brownian Motion, the first two moments are calculated by
Maximum Likelihood Estimates under the Normal with μˆ = 0.00019959 and σˆ2 = 0.00016444 (An-
nualized: μˆp.a. = 0.0503, σˆ
2
p.a. = 0.0414). Using the daily estimates, the stock is simulated 100, 1000
and 10, 000 times. Those different scenarios are run with 10, 000 trajectories each. In this chapter
I assume the correct estimates to be given. Distribution assumption and parameter knowledge will
be dropped in the following subsections.
Assuming the existence of a risk free asset with constant annual interest rate 0.5%, the model allows
for leveraged portfolios. There are no constraints for short-selling. The full Kelly bet, under the
knowledge of the parameters from which will be simulated, implies betting f = μ−r
σ2
= 1.0931 times
the initial capital on the risky asset and short the risk free asset by 0.0931% of initial capital as it
is optimal in the sense of maximizing the expected logarithm of wealth (Merton, 1992; Thorp, 2006;
Osorio, 2008). The famous rule of thumb to bet half Kelly would imply to invest ≈ 54.6% in the
risky asset and ≈ 45.4% in the risk-free asset.
S&P500, 100 days, Gaussian
Following the notation of Breiman (1961), the wealth in period t is given by
Wt = Wt−1 ×
(
fxt
)
, (2.5)
where xt = Pt/Pt−1 is the price ratio vector and f the according fraction vector. Given the existence
of the risk free asset, the constant portfolio fraction vector has in our univariate example, dimensions
2× 1, f ∈ R2 with ∑2i=1 fi = 1.
Given the Maximum Likelihood Estimates, the according univariate distribution was simulated for
100 trials over 10,000 trajectories. The results were summarized in Table 2.6. Line one will always
give the mean wealth of the final period over the different trajectories. Each mean is calculated over
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the different multiples of the original Kelly strategy. 1/4 for example implies betting a quarter of the
original risky proportion, being more risk-averse. Line 2,3 and 4 will give you the according standard
deviations, skewness and kurtosis for the different strategies in T . Line 5 to 7 gives you the proba-
bility that the end wealth is smaller than 100, 50 or 10 for the different strategies. Line 8, 10 and 12
will give you the probability that the wealth process is above level 200, 400 or 1600 at any point in
time. Line 9,11 and 13 will give you the according average time of those trajectories to reach that goal.
Under the Gaussian simulations for 100 trials, Table 2.6 shows that with increasing betting size in
terms of Kelly fractions
  the four moments of the final wealth are increasing,
  the probability of ending below given draw-down levels in the final period remains relatively
constant but is slightly increasing in betting size and
  although the probability to reach double the initial wealth in 100 trials is close to zero for all
strategy, it is highest for the risk-seeking strategies.
Gaussian, 100 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 100.52 101.04 101.55 102.06 103.07 104.07
Std(WT ) 3.44 6.92 10.44 14.02 21.34 28.93
Skew(WT ) 0.07 0.17 0.27 0.38 0.59 0.81
Kurt(WT ) 3.01 3.05 3.13 3.26 3.63 4.21
P(WT < 100) 0.44 0.45 0.45 0.46 0.47 0.49
P(WT < 50) 0 0 0 0 0.0005 0.006
P(WT < 10) 0 0 0 0 0 0
P(Wt > 200) 0 0 0 0 0.0007 0.01
Mean(T : 200) NaN NaN NaN NaN 87.57 83.5
P(Wt > 400) 0 0 0 0 0 0
Mean(T : 400) NaN NaN NaN NaN NaN NaN
P(Wt > 1600) 0 0 0 0 0 0
Mean(T : 1600) NaN NaN NaN NaN NaN NaN
Table 2.6: Descriptives for the wealth trajectories after 100 Gaussian trials
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Under the knowledge of the true parameters of the distribution, from which was simulated, each
strategy is profitable on average. The first trajectory of each of the six played strategies for 100
periods is shown in figure 2.5a and the first ten full Kelly trajectories are given in figure 2.5b. The
mean-variance trade-off is given as well, amplified by increasing skewness and kurtosis of the final
wealth distribution, presented as kernel density in figure 2.6. As betting size increases the mean of
the distribution lies right of the median/modus of the distribution. Consequently, the final wealth
is not normally distributed. Instead, the final wealth distributions is log-normally distributed for all
betting sizes, as the logarithm of the final wealth is normally distributed (see figure 2.7a). This is
expected from the geometric growth process itself as the log-normal is the exponential of the normal
distribution. In terms of optimization, knowing the true distribution, the highest average in terms of
logarithmic wealth is given by the full Kelly strategy, coming from the optimization of maximizing
the expected logarithm of wealth (see figure 2.7b).
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Figure 2.5: Wealth trajectories under the Normal (100 trials)
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Figure 2.6: Wealth after 100 Gaussian trials for Kelly variants
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Figure 2.7: QQ-plot and Mean(log-Wealth) after 100 Gaussian trials
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S&P500, 1000 days, Gaussian
In contrast to the simulations under the Gaussian for 100 trials, the simulation results for 1000 trials
in Table 2.7 show that
  the four moments of the final wealth keep increasing,
  the probability of ending below given draw-down levels in the final period decreases for betting
sizes for/below full Kelly and increases for strategies over-betting and
  the probabilities to reach wealth goals in 1000 trials increases for risk-seeking strategies. The
riskiest strategies need the least time to reach those goals.
Gaussian, 1000 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 105.05 110.34 115.88 121.7 134.18 147.89
Std(WT ) 11.62 24.66 39.47 56.48 99.30 158.86
Skew(WT ) 0.34 0.68 1.05 1.45 2.43 3.78
Kurt(WT ) 3.16 3.75 4.84 6.59 13.33 27.98
P(WT < 100) 0.34 0.371 0.39 0.41 0.45 0.49
P(WT < 50) 0 0 0.01 0.03 0.12 0.21
P(WT < 10) 0 0 0 0 0 0.005
P(Wt > 200) 0 0.005 0.06 0.16 0.32 0.42
Mean(T : 200) NaN 860.19 767.95 677.01 545.69 453.05
P(Wt > 400) 0 0 0 0.0039 0.05 0.11
Mean(T : 400) NaN NaN NaN 861.85 763.61 677.24
P(Wt > 1600) 0 0 0 0 0 0.002
Mean(T : 1600) NaN NaN NaN NaN NaN 876.21
Table 2.7: Descriptives for the wealth trajectories after 1000 Gaussian trials
When using 1000 periods for the 10,000 trajectories each strategy is again profitable on average. The
first trajectory of each of the six played strategies for 1000 periods is shown in figure 2.8a and the
first ten full Kelly trajectories are given in figure 2.8b. The mean-variance trade-off is intensified,
amplified by further increasing skewness and kurtosis of the final wealth distribution. As betting size
increases the modus of the distributions tends to go faster to zero the higher the betting size gets.
The final wealth distributions is again log-normally distributed for all betting sizes. The full Kelly
strategy has again the highest average of the logarithm of wealth.
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Figure 2.8: Wealth trajectories under the Normal (1000 trials)
S&P500, 10,000 and 100,000 days, Gaussian
As the sample size tends to even larger periods, the median of the full Kelly final wealth is the highest
among the other betting strategies. When over-betting, the modus of the distribution goes to zero
and the probabilities to reach the wealth goals decrease. The asymptotic theorems of Breiman (1961)
are beginning to kick in.
CHAPTER 2. SIMULATION STUDY 43
2.3.2 Non-parametric simulations, given moments
The results of Merton (1992) / Thorp (2006) rest on the assumption of the Geometric Brownian
Motion / the second order Taylor approximation of the expected growth rate. This gives, under
the knowledge of the true parameters and simulations under the normal, an averagely increasing
wealth, which is log-normally distributed. This may not be realistic, as neglected outliers may
influence results in the short and long run. Hence, I vary the simulation method for the returns
by simulating from the Kernel density of the empirical non-parametric distribution instead of a
parametric distribution, such as the Gaussian.
The portfolio fractions for the risky asset is again assumed to be time constant, estimated as in the
subsection before. I aim to test the hypothesis if the statistics of the portfolio-wealth simulations are
changing significantly. In other words, I aim to test if especially the third and the fourth moment offer
potential for a more general portfolio solution, not resting on the presented approximations, leading
to the already presented paper of Osorio (2008) and the general stochastic optimization problem.
S&P500, 100 days, non-parametric
Comparing the portfolio results from the non-parametric simulations (see table 2.8) with the simu-
lations under the Gaussian for 100 trials (see table 2.6),
  the first four moments are slightly increased, the average of the logarithmic final wealth is still
maximal for the full Kelly strategy,
  the draw-down probabilities are slightly decreased and
  the probabilities to reach the wealth goals are slightly increased.
The wealth trajectories for the scaled Kelly variants are given in figure 2.9a/b. Although the empir-
ical distribution of the S&P500 is significantly different from the one under the Gaussian, using for
example the Jarque-Bera test, the differences in final wealth after 100 trials are negligible in absolute
terms of Table 2.8. I aim to test whether this holds for larger periods of time.
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nonpara, 100 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 100.54 101.09 101.63 102.18 103.28 104.38
Std(WT ) 3.53 7.11 10.73 14.42 21.99 29.87
Skew(WT ) 0.07 0.18 0.28 0.39 0.61 0.84
Kurt(WT ) 3.13 3.16 3.25 3.37 3.76 4.34
P(WT < 100) 0.44 0.44 0.45 0.46 0.47 0.48
P(WT < 50) 0 0 0 0 0.001 0.01
P(WT < 10) 0 0 0 0 0 0
P(Wt > 200) 0 0 0 0 0.001 0.011
Mean(T : 200) NaN NaN NaN NaN 87.09 78.89
P(Wt > 400) 0 0 0 0 0 0
Mean(T : 400) NaN NaN NaN NaN NaN NaN
P(Wt > 1600) 0 0 0 0 0 0
Mean(T : 1600) NaN NaN NaN NaN NaN NaN
Table 2.8: Descriptives for the wealth trajectories after 100 non-parametric trials
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Figure 2.9: Wealth trajectories under the non-parametric distribution (100 trials)
Indeed, the final wealth densities under the non-parametric simulations (see figure 2.10) are not sig-
nificantly different from the Gaussian simulations for all betting strategies. Using the non-parametric
two-sample Kolmogorov-Smirnov test, the null of equality of the according CDFs cannot be denied
with a p-value of one. Note that the S&P500 is a broad stock market index, exhibiting rarely drastic
draw-downs.
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Figure 2.10: Wealth after 100 non-parametric trials for Kelly variants
The qq-plot from figure 2.11a indicates that the final wealth distributions come from the log-normal
distribution. But, as the betting size increases, the log-normal distribution fails in capturing the
left tail of the distribution. Consequently, the Jarque-Bera-test rejects the null of normality of the
final log-wealth with a p-value of 0.0095 for the quarter Kelly strategy. This results holds for all
betting sizes and also increasing trials, therefore the normality plots and also the expected logarithm
of wealth plots are consequently omitted as the full Kelly strategy always has the highest log-wealth
(see 2.11b). If this also holds for a longer time frame, this means that, as long as the first two
moments are known, the optimum growth portfolio outperforms significantly different strategies
asymptotically.
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Figure 2.11: QQ-plot and Mean(log-Wealth) after 100 non-parametric trials
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S&P500, 1000 days, non-parametric
Comparing the portfolio results from the non-parametric simulations (see table 2.9) with the simu-
lations under the Gaussian for 1000 trials (see table 2.7),
  the first four moments increase steadily, the average of the logarithmic final wealth is still
maximal for the full Kelly strategy,
  the draw-down probabilities decrease insignificantly and
  the probabilities to reach the wealth goals increase additionally.
nonpara, 1000 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 105.71 111.75 118.11 124.82 139.36 155.51
Std(WT ) 11.8 25.16 40.49 58.31 104.17 170.53
Skew(WT ) 0.31 0.66 1.05 1.48 2.63 4.53
Kurt(WT ) 3.22 3.84 5.05 7.18 17.24 48.64
P(WT < 100) 0.32 0.34 0.36 0.38 0.43 0.48
P(WT < 50) 0 0.0003 0.009 0.036 0.12 0.2
P(WT < 10) 0 0 0 0 0.0002 0.005
P(Wt > 200) 0 0.005 0.07 0.16 0.33 0.44
Mean(T : 200) NaN 860.15 773.07 673.37 545.32 457.03
P(Wt > 400) 0 0 0.0001 0.003 0.05 0.12
Mean(T : 400) NaN NaN 820 866.91 776.95 680.95
P(Wt > 1600) 0 0 0 0 0.0001 0.002
Mean(T : 1600) NaN NaN NaN NaN 869 845.72
Table 2.9: Descriptives for the wealth trajectories after 1000 non-parametric trials
The wealth trajectories for the scaled Kelly variants are given in figure 2.12a/b. Table 2.9 indicates
that the differences in final wealth after 1000 trials are not negligible anymore.
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Figure 2.12: Wealth trajectories under the non-parametric distribution (1000 trials)
In contrast to the simulations for 100 periods, the final wealth distributions under the non-parametric
simulations are significantly different from the non-parametric for all betting strategies. Using the
non-parametric two-sample Kolmogorov-Smirnov test, the alternative of difference of the according
CDFs cannot be denied with a p-value of 0.00014 for the quarter Kelly strategy. The results for
the riskier betting strategies are equivalent. This statistically significant difference leads us to the
conclusion that I will use the non-parametric simulations technique for subsequent chapters.
S&P500, 10,000 days, non-parametric
Comparing the portfolio results from the non-parametric simulations with the simulations under
the Gaussian for 10,000 trials, the differences are identical to the differences when using 1000 tri-
als. Especially for betting sizes larger than 3/4-Kelly, the Kurtosis of final wealth returns increases
even more. According figures are omitted. I will simulate from the according non-parametric density.
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2.3.3 Non-parametric simulations, estimated moments
In the last two subsections the first two moments of the empirical S&P500 returns were given. This
knowledge is dropped as, in a realistic scenario, parameters of the probability distribution have to
be estimated.
Consequently, the first two moments are estimated via MLE using the data given up to day t + h,
where h is the minimum of data which has to be used to construct the estimates. So, if h=50, there
is no investment in the risky asset for the first 51 days. From day 51 on, parameters are estimated
upon the past data to construct the fraction for the risky asset. In order to use the moments under
the Gaussian, the estimators from day 52 are using the past 51 returns instead of a rolling window
estimate of 50 returns. As time passes by, more data will be used, as, in the MLE-sense, it decreases
the standard error of the mean. The returns are simulated under the non-parametric distribution,
as the wealth distributions have significantly differed from the simulations under the Gaussian as-
sumption.
S&P500, 100 days, non-parametric, time varying parameters
For the 10,000 portfolio simulations for 100 days using, h = 50, the wealth trajectories underlie
rapid changes as the horizon is short. As the data span is extremely short, parameters are fluctu-
ating rapidly and the daily changes in portfolio fractions are extreme. Especially in the context of
transaction costs, which are neglected here, a strategy based on such a short data span is not advised.
Comparing the results of table 2.10 using time-varying estimators with the results from table 2.8,
  the average wealth is larger up to full Kelly, but decreases strictly for the over-betting strategies
  but, for the risk-averse strategies up to full Kelly, the second-, third- and fourth-order moments
are increased in an extreme manner, not justifying the higher mean,
  the draw-down probabilities are significantly increased, even for the risk-averse quarter Kelly
strategy the probability of ending below the initial wealth is ≈ 69% whereas
  the probability of hitting wealth goals is increased, but not that much to compensate for the
extreme draw-down risks.
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timevary, 100 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 100.94 102.09 103.34 104.72 91.52 70.27
Std(WT ) 41.77 138.79 390.23 917.35 1211.4 1377.8
Skew(WT ) 7.04 22.16 49.7 73.79 66.55 74.25
Kurt(WT ) 101.77 820.73 3333.4 6369.1 5328.2 6266.1
P(WT < 100) 0.69 0.74 0.79 0.83 0.89 0.93
P(WT < 50) 0.008 0.1 0.27 0.46 0.72 0.84
P(WT < 10) 0 0.01 0.05 0.12 0.32 0.51
P(Wt > 200) 0.05 0.16 0.23 0.29 0.35 0.38
Mean(T : 200) 101.33 92.3 85.84 82.32 77.42 73.56
P(Wt > 400) 0.005 0.04 0.08 0.11 0.16 0.19
Mean(T : 400) 116.67 102.03 95.18 92.07 85.23 80.01
P(Wt > 1600) 0 0.002 0.01 0.02 0.04 0.05
Mean(T : 1600) NaN 115.05 108.68 102.17 93.64 89.32
Table 2.10: Descriptives for the wealth trajectories after 100 non-parametric trials, time
The first wealth trajectory in figure 2.13a shows how volatile the trajectories are. The first ten full
Kelly trajectories in figure 2.13b support the result that the wealth is far away from monotonically
increasing. Instead, relatively few trajectories lead to the outperforming result of the optimum
growth portfolio.
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Figure 2.13: Wealth trajectories under the non-parametric distribution, estimated moments (100 trials)
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The final wealth distributions in figure 2.14a show that as the betting size increases, the modus
and median of the distribution tend to zero, as derived in Hakansson and Ziemba (1995). Around
29% of full Kelly trajectories end below one tenth of the initial wealth. The distributions for the
over-betting strategies are not plotted as the probability mass is only visual around zero. The reason
for the high volatility in the wealth paths is that the short data span in the start leads to extreme
portfolio fractions. The first trajectory starts investing 24-times the initial wealth in the risky asset.
As time passes by, more data is used for the ML-estimators leading to more smooth fractions in the
end (see figure 2.14b). Remember, the in-sample fraction given the same approximation is 1.0931.
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Figure 2.14: Wealth return density and first ten fractions for full Kelly, 100 non-parametric trials, estimated
moments
Additionally, the wealth is by no means log-normally distributed anymore (see figure 2.15a). The
riskier the bets, the more the final wealth distribution tends away from the log-normal. Important,
from figure 2.15b it is observable that the average of the logarithmic final wealth is not maximal for
full Kelly, instead it increases as the fraction decreases. The foundation of the Kelly Criterion is that
the expected logarithm of wealth should be maximized. This does not hold for the given portfolio
simulations for a short time period of 100 days where the parameters are time-varying ML-estimators.
Hence, I will increase the time span for the simulations and the data span for the estimators to verify
if this result holds true for a larger time horizon. As the time span for the loading tends to infinity,
the wealth trajectories tend to the in-sample result, assuming that the data generating process is
not changing over the data span.
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Figure 2.15: QQ-plot and Mean(log-Wealth) after 100 non-parametric trials, estimated moments
S&P500, 1000 days, non-parametric, time varying parameters
For the 10,000 portfolio simulations for 1000 days using 150 days as starting data span, h = 150, the
final wealth distributions still underly rapid changes as parameters are fluctuating heavily and the
daily changes in portfolio fractions are extreme.
Comparing the results of table 2.11 using time-varying estimators with the results from table 2.9,
the results are equivalent to the comparison at 100 days of simulation.
  The average wealth is larger up to full Kelly, but decreases strictly for the over-betting strategies
  but, for the strategies smaller or equal than full Kelly, the higher-order moments are increased
in an extreme manner, not justifying the higher mean,
  the draw-down probabilities are significantly increased, even for the risk-averse quarter Kelly
strategy the probability of ending below the initial wealth is ≈ 69% whereas
  the probability of hitting wealth goals is increased, but not that much to compensate for the
extreme draw-down risks.
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Increasing the starting data span to 150 days and increasing the horizon has still equivalent effects
on the wealth paths. Although having higher returns on average than under the simulations, where
the parameters are known, the strategies under time varying estimators are too risky. Omitting
consequent figures, it is crucial that the maximum logarithmic wealth is neither normally distributed
(see figure 2.16a) nor peaks at the growth optimum portfolio. Instead, it decreases with rising betting
size (see figure 2.16b).
timevary, 1000 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 110.77 158.87 225.71 125.25 50.461 16.266
Std(WT ) 168.27 2786.6 7638 3358.4 1719.4 434.94
Skew(WT ) 50.956 83.55 85.19 91.51 96.01 68.15
Kurt(WT ) 3419.7 7579.6 7815.8 8775 9440.6 4880.5
P(WT < 100) 0.66 0.74 0.81 0.87 0.95 0.98
P(WT < 50) 0.005 0.12 0.45 0.71 0.91 0.97
P(WT < 10) 0 0.001 0.02 0.1 0.45 0.82
P(Wt > 200) 0.12 0.26 0.34 0.39 0.43 0.45
Mean(T : 200) 553.54 443.85 390.63 355.93 307.23 268.27
P(Wt > 400) 0.02 0.09 0.15 0.18 0.22 0.23
Mean(T : 400) 663.82 562.49 484.73 431.61 363.44 309.63
P(Wt > 1600) 0.001 0.01 0.03 0.04 0.06 0.07
Mean(T : 1600) 734.55 665.78 594.98 528.46 430.16 360.53
Table 2.11: Descriptives for the wealth trajectories after 1000 non-parametric trials, time
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Figure 2.16: QQ-plot and Mean(log-Wealth) after 1000 non-parametric trials, estimated moments
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S&P500, 1000 days, non-parametric, increasing the data span
Increasing the starting data span to 500 days for the first two moments and hence the optimal
fraction, leads, in contrast to the use of a starting data span of 150 days to
  less volatile fractions over time and therefore also significantly less volatile wealth paths,
  increasing results on average starting with 3/4-Kelly,
  significantly smaller third and fourth moment for the resulting wealth,
  smaller draw-down probabilities but also smaller probabilities to reach certain goals.
timevary, 1000 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 109.05 129.99 189.44 319.83 315.92 66.282
Std(WT ) 67.87 615.67 4318.2 16366 19917 1087.3
Skew(WT ) 18.58 68.59 92.74 98.89 99.39 63.24
Kurt(WT ) 674.48 5535.6 8962.1 9848.6 9918.1 4502
P(WT < 100) 0.62 0.67 0.73 0.78 0.87 0.93
P(WT < 50) 0.002 0.05 0.17 0.34 0.7 0.85
P(WT < 10) 0 0.0002 0.006 0.03 0.18 0.39
P(Wt > 200) 0.08 0.21 0.29 0.34 0.4 0.43
Mean(T : 200) 1028.9 904.03 843.54 796.71 740.33 702.12
P(Wt > 400) 0.01 0.06 0.11 0.15 0.2 0.22
Mean(T : 400) 1167.9 1028.2 956.51 902.13 827.81 779.14
P(Wt > 1600) 0.0003 0.006 0.02 0.03 0.05 0.06
Mean(T : 1600) 1216.3 1182.1 1079 1015.2 930.55 858.49
Table 2.12: Descriptives for the wealth trajectories after 1000 non-parametric trials, time (2)
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Figure 2.17: First ten fractions for the full Kelly (1K)
over time (1000 trials)
In essence the smoothing of the wealth paths by
starting to estimate with two years of data leads
to overall better results, especially in terms of
draw-downs. Still, after three years of simula-
tions the full Kelly strategy with the highest av-
erage result wealth, has around 80% probability
of ending below the initial wealth.
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S&P500, 10,000 days, non-parametric, time varying parameters
For 10,000 portfolio simulations for 10,000 days using 2000 days (8 years) as starting data span,
h = 2000, the final wealth distributions still underlie significant changes although the parameter
changes become smaller as time passes by. On average, the full Kelly outperforms risk-averse and
-seeking portfolios. As the Kelly portfolio aims to maximize the median wealth process at each time
point, for this simulation study, the half Kelly strategy maximizes the median final wealth. Although
the probability of ending below (half) initial wealth is 35.7% (3.4%), potential upside gains are large:
More than half of the trajectories double its initial wealth after 30 years. Over one fourth quadruple
the initial wealth and every tenth trajectory multiplies the initial wealth by factor 16.
timevary, 10000 trials 1/4 1/2 3/4 1 3/2 2
Mean(WT ) 239.28 1222.2 4491 4920.8 954.16 225.37
Std(WT ) 697.9 24493 1.17e+05 1.03e+05 12502 3436.3
Skew(WT ) 35.15 57.34 49.42 34.21 30.16 34.69
Kurt(WT ) 1729.2 3631.3 2749.7 1264.9 1104 1414.4
P(WT < 100) 0.29 0.35 0.42 0.52 0.74 0.89
P(WT < 50) 0.002 0.034 0.14 0.31 0.63 0.85
P(WT < 10) 0 0.0004 0.007 0.03 0.24 0.58
P(Wt > 200) 0.39 0.56 0.62 0.65 0.66 0.65
Mean(T : 200) 6562 5435.7 4884.5 4511.7 4027 3684.7
P(Wt > 400) 0.14 0.33 0.42 0.46 0.46 0.44
Mean(T : 400) 8067.4 6774.4 6058.5 5628.7 5008.1 4397.3
P(Wt > 1600) 0.01 0.1 0.16 0.21 0.21 0.19
Mean(T : 1600) 9338.7 8156.5 7505.4 6964.8 6132.9 5324.7
Table 2.13: Descriptives for the wealth trajectories after 10000 non-parametric trials
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As more data are being used, the closer tend the fractions to the theoretical parameters from the
data generating process. Figure 2.18a gives the first ten fractions of the portfolio simulations. Re-
member, the in-sample fraction, which should be optimal is 1.0931. In contrast to the section before,
the changes in fraction are reducing furthermore, yet are converging, due to the non-parametrical
simulation method, slower as expected under the Gaussian. As the loading period would tend to
infinity, the fraction would tend to its in-sample analogue. For empirical application this is not
appropriate, as I assume the data generating process of a financial market to change constantly.
Therefore, limited data have to be used, leading inevitable to risk-averse betting schemes.
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Figure 2.18: First ten fractions for the full Kelly and Mean(log-Wealth) for 10,000 non-parametric trials,
estimated moments
Although the wealth is not log-normally distributed (see Figure 2.18b), the average logarithm of
wealth peaks for the half Kelly strategy. Remembering the results when the parameters were given
beforehand, by optimization, the full Kelly strategy should lead to the maximization of the log-
wealth, which is not the case here. The growth optimum portfolio cannot asymptotically outperform
every other strategy, which is significantly different as the assumptions made in Breiman (1961) are
not met.
Chapter 3
Empirical backtest: Univariate
financial market returns
In chapter 1, closed-form solutions for the Kelly growth-optimum Criterion under different distri-
bution assumptions have been derived. In contrast to the simulation study from chapter 2, the
Criterion will be tested on an empirical basis as well. Without knowledge of the future distribution,
the smooth results of the simulation chapter, as already shown via time-varying, past-dependent
estimators cannot be held.
The depicted daily price series {Pt,j}Tt=1 with j = 1, . . . , 11 as assets are S&P 500, DAX 30, Nikkei
225, Schweizer MI, DJ Commodities, PHLX Gold/Silver Sector, iShares US Real Estate, Vanguard
Bond Market Index, CBOE 10 Year Interest, Bershire (B) and Deutsche Bank in order to evaluate if
the Kelly bet performs well over different, positive and negative performing assets. This will happen
in a univariate way, testing each market separately. The data span is ten years: from t, the first
January 2005 till T , the first January of 2015. Instead of deleting data points in order to have price
vectors of the same length, different amount of daily data points are used. There was no data cleaning
in order to get matrices to vectorize operations as in chapter 2. Instead struct- and cell- arrays are
used in Matlab, in order to deal with vectors of different length. The according benchmarks are the
asset itself, large stock indices and the risk free asset. Betting schemes are derived and discussed in
chapter 1. Starting with Kelly (1956) for Bernoulli trials the Kelly portfolio is generalized for normal
returns (Merton, 1969) and further continuous approximations (Osorio, 2008).
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3.1 In-sample backtest: i.i.d.-assumption
The data span from 2005 to 2015 is chosen on purpose. As to be seen in figure 3.1, ten out of the
eleven normalized assets underlie, due to the financial crisis, drastic changes in value. The bond-
market on the other hand is the sole market, performing steady without larger draw-downs.
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Figure 3.1: Normalized price series for all chosen assets
The descriptives for prices and consequently wealth paths are given in the same structure as in
table 3.1. Line one will present the days of data for each asset. Although different, trading days
for ten years lie between 2464 (SMI) and 2582 (DBK). Line two and three show the start and end
price of the asset, whereas line four and five contain the minimum and maximum price. Thus, the
annualized arithmetic mean and standard deviation are given in lines six and seven. The third and
fourth moment of the returns are shown in line eight and nine. As performance measurement the
Sharpe- and Sortino-ratio are to be seen in line ten and eleven. Additionally, the minimum and
maximum return are shown in line twelve and thirteen. The assets itself will serve as benchmark
for the upcoming wealth paths. From the descriptive point of view the leptokurtic behaviour of the
return distributions is obvious, leading to an overall rejection of the null that the assets are normally
distributed.
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3.1.1 Investment fractions: Utilizing Merton (1969) and Osorio (2008)
The crucial assumption in order to derive the results of Merton (1992) is that the changes in the
price of the risky asset follow a Geometric Brownian Motion (GBM), also called Itoˆ-process. So, the
price of the risky asset Pj satisfies the stochastic differential equation
dPj,t = μj,tPj,tdt+ σj,tPj,tdZj,t, (3.1)
where Zj,t are standard Brownian Motions. Consistent with the Black-Scholes-Merton approach, the
parameters μj and σj are supposed to be constants - fixed over time - to attain one time-constant
solution.
The fractions under the Normal assumption of the individual assets are given in the first line of
Table 3.2. In this subsection the parameters under the assumed distributions assumption are given,
hence, the investment fraction is indeed constant over time (Breiman, 1961). Betting fS&P = 1.2879
for the S&P 500 implies betting 128.79% of the initial capital in the risky asset and shorting the
risk-free asset by 28.79% in order to leverage the portfolio. This is the full Kelly strategy, equivalent
to γ = 0 from the isoelastic marginal utility function U(C) = 1γC
γ , which is the natural log in this
case. Betting half Kelly implies halfing the fraction for the risky asset (Merton, 1992). This implies
γ = 0.5, closer to the empirically relevant, risk-averse values. Note that the investment fraction
for the bond-market is highly levered, due to the fact that the estimated volatility (4.06% p.a.) of
the asset return is small compared to the other assets, still giving 4.6% p.a. over the series. The
Standard and Poor’s 500 for example gave an annual return around 5.5% with according standard
deviation of 20%.
The calculated fractions under the Student-T- and GEV-assumption in lines two to four in table
3.2 utilize the result of Osorio (2008). The fractions differ significantly from the fractions under the
Gaussian. Especially, the centre of the distributions is shifted, leading to e.g. higher fractions for the
stock index investments. The fractions under the non-parametrical distribution assumptions, where
the moments are calculated numerically, are close to the fractions under the Gaussian. I will test
whether the wealth trajectories are significantly different. As the portfolio strategy will rest on the
first two moments without further restriction in the optimization, the non-parametric strategy, not
using higher moments, should be close to the strategy under the Gaussian.
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Fractions S&P DAX Nikkei SMI DJ Com. PHLX REstate Bond Int. (10y) Berkshire DBK
Gaussian 1.28 1.68 0.67 1.37 -0.96 -0.19 0.55 27.27 -0.62 1.83 -0.27
Student-T 1.71 3.46 2.48 3.99 0.78 -0.08 0 24.89 -1.14 0.24 -0.04
GEV 6.25 5.19 4.74 6.81 2.15 2.37 3.74 32.11 1.31 6.79 2.46
Nonparametric 1.26 1.64 0.66 1.34 -0.93 -0.18 0.54 26.41 -0.6 1.8 -0.26
Table 3.2: Fractions for the assets, given different distribution assumptions for Osorio (2008)
3.1.2 Wealth dynamics, Gaussian assumption
The eleven wealth paths Wt,j start with wealth 100 in t = 0. The wealth dynamics can be described
as
Wt,j =
[
fj xt
]
Wt−1,j (3.2)
giving in the end of the investment period
WT,j = W0
T∏
t=1
[
fj xt,j
]
(3.3)
In this subsection the fractions upon the Normal distribution assumption are used, hence the time
index for the fraction can be dropped. The wealth trajectories for the full Kelly strategy, γ = 0,
are given in figure 3.2a with according statistics in table 3.3. Note, that the wealth path for the
bond-market is beyond the wealth paths of the other ten investment strategies. The final wealth for
the full Kelly strategy reaches from the Deutsche Bank investment giving 83.98 (-1.69% p.a.) to the
bond-market investment paying off with 57180 (88.7% p.a.) in the end. This gives an average of
5323 but median wealth for the Real Estate investment of 166.91 (5.26% p.a.).
The wealth trajectories for the half Kelly strategy, γ = 0.5, are given in figure 3.2b with according
statistics in table 3.4. The final wealth for the half Kelly bet reaches from the Deutsche Bank
investment giving 93.155 (-0.689% p.a.) to the bond-market investment paying off with 11027 (60.09%
p.a.) in the end. The average wealth trajectory gives 1128.7 after ten years of investing. Still the
median trajectory gives 135.19 (3.06% p.a.) over the assets (Real Estate investment).
I would like to emphasis that the investments are done separately, without knowledge of the other
one. If the true first two moments would be known, a confidence interval according to ML-theory
could be set up easily to test whether the mean is statistically different from zero. If this would have
been done with a large alpha (type one error) of 40%, only three (DAX, bond-market and Berkshire)
of the eleven assets would be traded, solely long positions. Nevertheless, utilizing the Kelly Strategy
without any constraint through the series of ten years implies, although the first two moments are
known, to sustain severe draw-downs through the financial crisis of 2008.
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Figure 3.2: Wealth paths for full (left) and half (right) Kelly, in-sample MLE
Although the average final wealth is reduced due to betting below the full Kelly strategy, the standard
deviation and according draw-downs are reduced heavily, as in the simulation chapter 2. The wealth
returns are visualized by Kernel densities in figure 3.3 for both strategies. The more risk-averse the
betting strategy is, the more narrow is the probability mass around the average return. The mean-
variance trade-off is existent again. Although the full Kelly strategy offers a substantially higher
final wealth, the risk-averse investor would certainly give off a substantial amount of financial gains
in order to reduce draw-downs over the series. For the average wealth trajectory, the Swiss Market
Index, the wealth reduces by 17.16% for the half Kelly strategy, but the difference in minimal wealth
at each day is 24% (from 63.925 down to 83.525 for half Kelly).
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Figure 3.3: Kernel density of wealth returns for full (left) and half (right) Kelly, in-sample MLE
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3.1.3 Wealth dynamics, Student-T assumption
In this subsection the fractions upon the Student-T distribution assumption are used (Osorio, 2008),
implying that xj ∼ Student(μj , σ2j , νj). Although the Student-T distribution captures the tails more
appropriately, the centre of the distribution deviates too much from the values under the normal,
leading to deviating fractions (see Table 3.2) in relation to the fractions under the normal and on
average worse portfolio results. For the stock indices for example, the fractions are larger, leading
to more severe draw-downs than under the normal. The results hold for the fractions and according
wealth paths under the GEV-distribution. Therefore, for the out-of-sample test, the Student-T
assumptions for the portfolio fraction will not be assessed.
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Figure 3.4: Wealth paths for full (left) and half (right) Kelly, in-sample MLE, Student-T
3.1.4 Wealth dynamics, non-parametric
Choosing the fractions according to Osorio (2008) with the according moments under the non-
parametric distribution, the deviations to the fractions under the Normal, as argued, are small
as only the first two moments are used for the estimation of the fraction. Using the two-sample
Kolmogorov-Smirnov test to test whether the wealth returns under the Gaussian are the same as
under the non-parametric moments, the null hypotheses that both distributions are equal, cannot
be denied for p-values ≈ 0 for all assets. Hence, reducing computational complexity and therefore
improving speed for the out-of-sample testing, I will consequently use the fraction under the Gaussian,
as derived in Merton (1992).1
1As this chapter aims to test the approximations for the Kelly bet, instead of implementing the stochastic optimiza-
tion problem, the first two moments should capture the main portfolio drivers (Chopra and Ziemba, 1993).
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3.2 Out-of-sample backtest: i.i.d. with limited memory
In the preceding subsection 3.1, the first two unconditional moments of the underlying asset distri-
butions have been known. As future moments are not known, the moments under the Gaussian are
estimated upon past data.
The fractions fj(μt, σ
2
t |Ft−1) are estimated upon the filtration in t, covering the closing prices for
the according series. After collecting four years of data it is assumed, that the investor forgets price
data. Hence, in order to make his decision, four years of daily data are being used, rolling over the
data period of ten years. In this chapter the Gaussian moments is chosen as first choice as it has
the smallest variance of all unbiased estimators, for the Normal as approximation. In order to make
the results comparable, the loading period (four years) is added to the data set (before the period
of 2005-2015).
3.2.1 Investment fractions
Accordingly, figure 3.5 shows fractions, means and variances over the whole time period. After
the loading phase from 2002-2005 the majority of the estimated means is positive, leading to long
positions in most of the assets. The financial crisis, starting 2007/2008 led to plummeting prices,
although the fractions first remained positive. The relatively long data-span for the estimators
succeeds in slow adjustments of the mean estimates. In 2009 most mean estimates are negative,
leading to overall short positions. Again, the estimates are lagging. From 2012 on the mean estimates
and hence fraction begin to increase. The volatility estimates fail to capture the increased risk during
the financial crisis, as the long data span effects the volatility estimate too slowly. The only exception
is the bond market, whose mean and variance remain relatively constant over the whole data span,
leading to a heavily levered long position. In the following chapter, the autocorrelated structure of
squared returns will be used to improve the modelling of the second moment.
3.2.2 Wealth dynamics
The eleven wealth paths start with wealth 100. The wealth dynamics from formula 3.2 change to
Wt,j =
[
ft,jxt
]
Wt−1 (3.4)
as the moment estimates are varying over time. In this subsection the fractions upon four years as
rolling data window are used. The wealth trajectories for the full Kelly strategy, γ = 0, are given in
figure 3.6a with according statistics in table 3.5. Note, that the wealth path for the bond-market is
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Figure 3.5: Fractions, means and variances over time, out-of-sample MLE, Gaussian
beyond the wealth paths of the other ten investment strategies. The final wealth for the full Kelly
strategy reaches from the Deutsche Bank investment giving 5.6 (-18.16% p.a.) to the bond-market
investment paying off with 13783 (42.2% p.a.) in the end, leading to an average of 1282.5 but median
of 26.117 (-9.06% p.a.) over the assets.
The wealth trajectories for the half Kelly strategy, γ = 0.5, are given in figure 3.6b with according
statistics in table 3.6. The final wealth for the half Kelly bet reaches from the Deutsche Bank
investment giving 33.69 (-7.29% p.a.) to the bond-market investment paying off with 4826.3 (31.96%
p.a.) in the end. Hence, the average wealth over the assets is 507.04. But, the median trajectory, the
Real Estate investment, gives 73.893 (-2.14% p.a.). Decreasing the values for γ furthermore to 1/4
and 1/8 of full Kelly leads again to a lower mean of wealth, but higher median over the assets. Still,
for the 1/8 Kelly strategy median wealth is 98.871. Consequently, risk averse betting in a setting
of unknown future market returns is definitely advised. Nevertheless, past-dependent ML-estimates
fail to capture recent changes in financial market prices. Till the financial market crisis the majority
of the asset investment were able to generate enormous profits, as the markets went up steadily.
The US Real Estate market, DAX, Berkshire and the bond-market were able to generate multiples
of initial wealth within three years. Still, in contrast to the in-sample results, the wealth swings
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are significantly larger, producing losses on average. As the fractions through the financial crises
remained positive, severe draw-downs are the consequence. Except the bond-market investment,
most assets clearly fell below initial wealth, the Deutsche Bank investment suffered draw-downs up
to 95.2% (69%) for the full (half) Kelly strategy.
In essence, leveraged portfolios with wrong parameter choice is deadly. The Kelly Criterion performs
well out-of-sample if the moment estimates are robust over time, as seen for the bond-market in-
vestment. As the distribution for financial market returns is indeed not i.i.d., but time-varying, the
financial crisis puts a spoke in the investors wheel.
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Figure 3.6: Wealth paths for full (left) and half (right) Kelly, out-of-sample MLE
The wealth paths (see tables 3.5 and 3.6) significantly differ from the wealth returns of the last
chapter, when the in-sample moments have been known. In essence, for the out-of-sample back-test
using ML-estimators from the past,
  the mean of the wealth returns is significantly smaller, indeed negative,
  the standard deviation has increased,
  the skewness of the wealth return becomes significantly negative and
  the kurtosis increases furthermore.
Investment strategies, which have been profitable, when the true moments have been known, lead
to heavy draw-downs in wealth due to the financial crisis, as estimates are not capturing rapidly
changing parameters. Still, risk averse betting reduces draw-downs on average and increase the
median wealth accordingly.
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3.3 Out-of-sample backtest: non-stationarity with limited memory
3.3.1 Autocorrelation in financial returns
As Maximum Likelihood Estimates under the Gaussian for the mean, based upon past data, are not
sufficiently forecasting future market returns, the standard time-series approach to capture serial
correlation is fitting models of the ARIMA(i,p,q)-family for the according price series Pj . A compre-
hensive analysis of univariate time-series is omitted, for reference see for example Tsay (2002).
As price series of financial market assets are often integrated of order one, the price series are
transformed accordingly in order to utilize ARMA(p,q)-models. Notation-wise, moments of log-
returns are going to be modelled, implying that yt = log(Pt/Pt−1). Thus the individual returns
series yt,j are modelled as
yt = μt + 
t, (3.5)
where μt = E [yt|Ft−1] is the conditional mean given information set F in the last period t − 1. In
order to capture the low lag dependence in the data series, the conditional mean is modelled as
μt = c+
P∑
p=1
φpμt−p +
Q∑
q=1
θq
t−q, (3.6)
where φr is the autoregressive coefficient and θm is the moving average coefficient. As standard
procedure, I will use AR(1)-forecasts, minimizing the mean square error, for all eleven markets.
Varying lag lengths and ARMA(p,q) forms did not improve the out-of-sample performance of the
conditional mean estimator on average. Finding one model structure for different series cannot be
advised.
3.3.2 Comparing mean square error for mean estimators
From MLE-theory, the simple average, using all available data should perform best as it is the es-
timator, which has the smallest variances among all unbiased estimators. If there are significant
autocorrelations, the AR(1) should outperform the ML-estimators in terms of root mean square er-
ror (RMSE).
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Figure 3.7: Root Mean Square Errors for different estimators over all markets
In order to compare some simple estimator choices for the mean, a short comparison in terms of
Mean Square Error (RMSE) is presented in figure 3.7. The RMSEs for the estimators are calculated
for the eleven assets, brought together in a box-plot. The simple estimator choices are as follows:
  The first estimator is setting the forecasted mean to zero.
  The second estimator uses the last return as forecast for the return today.
  The third to fifth estimators use the mean with rolling data windows (h) of 1000, 500 and 10.
  The sixth to eighth estimators use the median with rolling data windows (h) of 1000, 500 and
10.
  The ninth estimator makes use of the AR(1)-forecast.
Out of the the first nine estimators, the zero-return forecast has the smallest RMSE over the given
markets. The only exception is the bond-market, exhibiting significant and also in absolute parameter
values relevant autocorrelation structure, thus, improving the forecasting performance. The Mariano-
Diebhold-Test supports this result over a large majority of tests. The straight forward consequence
would be to invest solely in the bond-market as the other estimators are not outperforming the
zero-return forecast. This is the crucial reasoning behind the results of section 3.2. Nevertheless, the
investment would assume that the underlying parameters remain robust for the future.
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3.3.3 Autocorrelation in squared returns
As Maximum Likelihood Estimates under the Gaussian for the variance based upon past data are not
sufficiently forecasting future market uncertainty, the standard time-series approach to capture serial
correlation is fitting models of the APARCH(p,q,δ) family. In the elementary paper of Engle (1982)
the residual part of the ARMA-equation was rewritten as autoregressive conditional heteroscedastic
(ARCH) process:

t = σtZt, Zt ∼ F (0, 1). (3.7)
The assumed conditional distribution is chosen to be Gaussian. The distribution assumption can
nevertheless be widened to Student-T, Skew-T, GED, Skew-GED, Gram-Charlier and Cauchy dis-
tributions. The time varying conditional variance of the returns is σ2t = V ar [yt|Ft−1], a function
of the past residuals and further, past conditional variances (Bollerslev, 1990). The Asymmetric
power ARCH model, introduced by Ding, Granger, and Engle (1993), offers a flexible form of the
conditional variance equation, which incorporates several of the later presented ARCH-models:
σδt = ω +
P∑
p=1
βpσ
δ
t−p +
Q∑
q=1
αq (|
t−q| − γq
t−q) , (3.8)
where ω, δ ∈ R+, αq, βp ∈ {R+, 0} and −1 < γq < 1.
The GJR(1,1)-model (Glosten, Jagannathan, and Runkle, 1993) will be used ad-hoc for all markets,
implying δ = 2 and 0 ≤ γj < 1, in order to capture the leverage effect.
3.3.4 Investment fractions
Although the analysis using mean square errors has shown that the mean estimators upon the past
average of returns are worse than setting the forecast to zero, except for the bond market, I aim
to show that the conditional variance estimators from the GJR(1,1) offer improvements. Utilizing
again the results of Merton (1992) and Osorio (2008), the according fractions are given in figure 3.8.
The fractions utilizing the AR(1)-GJR(1,1)-forecasts for the different financial returns differ signif-
icantly from the fractions from the last section 3.2 when past-dependent ML-estimators have been
chosen. Centrally, with exception for the time-series forecast for the bond-market, the forecasts for
the financial returns are on average not giving improvements in terms of MSE (see figure 3.7). The
crucial element in the rapidly changing fractions are the time-varying volatility estimates, leading to
smaller (higher) investment fractions in times of high (low) anticipated volatility, especially in the
financial crisis 2007/2008. 2
2Prospectively, I will use high-frequency data for further research papers for the estimation of uncertainty in the
market.
CHAPTER 3. EMPIRICAL BACKTEST: UNIVARIATE FINANCIAL MARKET RETURNS 71
0 500 1000 1500 2000 2500 3000 3500
0
20
40
Days
Fr
ac
tio
n
Fractions given TS−estimators for Full Kelly
0 500 1000 1500 2000 2500 3000 3500 4000
−0.5
0
0.5
Days
A
nn
ua
liz
ed
 M
ea
n
Estimated Mean
0 500 1000 1500 2000 2500 3000 3500 4000
0
1
2
Days
A
nn
ua
liz
ed
 S
ta
nd
ar
d 
D
ev
ia
tio
n
Estimated Volatility
Figure 3.8: Fractions, means and variances over time, out-of-sample Time-Series
3.3.5 Wealth dynamics
The relevant wealth paths are given in figure 3.9 with according statistics for the full Kelly bet
(γ = 0) in table 3.7 and for the half Kelly bet (γ = 0.5) in table 3.8. Using the presented time-series
estimators, the full Kelly strategy reaches from the DAX-investments (-17.99% p.a.) to the bond-
market investment giving 78905 (94.58% p.a.) in the end. Average over the markets, the average
final wealth is 8271.9, whereas the median is 41.48 (-8% p.a.). For the risk averse half Kelly portfolio
the Nikkei-investment realizes an end portfolio value of 67.9 (-3.9% p.a.) for the market performing
worst and gives 14349 (64.17% p.a.) for the bond-market investment. The average wealth of the half
Kelly bet is 1497.8 with according median of 87.26 (-1.3%). The half Kelly strategy performs better,
in terms of mean, standard deviation and kurtosis than the full Kelly strategy, for nine out of eleven
markets!
CHAPTER 3. EMPIRICAL BACKTEST: UNIVARIATE FINANCIAL MARKET RETURNS 72
0 500 1000 1500 2000 2500 3000 3500
0
100
200
300
400
500
600
700
800
900
1000
Days
W
ea
lth
Wealth Paths given TS−estimators for full Kelly
(a)
0 500 1000 1500 2000 2500 3000 3500
0
100
200
300
400
500
600
700
800
900
1000
Days
W
ea
lth
Wealth Paths given TS−estimators for half Kelly
S&P
DAX
Nikkei
SMI
DJ Commodities
Gold/Silver
US Real Estate
Bond Market
Interest (10y)
Berkshire
Deutsche Bank
(b)
Figure 3.9: Wealth Paths for full (left) and half (right) Kelly, out-of-sample Time-Series
The final wealth statistics in table 3.7 and 3.8 significantly differ from the returns using past-
dependent ML-estimators. Over the different markets
  the mean of the wealth returns is increased on average for full and half Kelly,
  the standard deviation is increased on average and
  skewness and the kurtosis are neither coherently increasing nor decreasing.
In essence, conditional volatility estimates improve the results for the financial market investments
significantly. Risk averse betting is again advised, as it reduces losses through the financial crises
dramatically. Nevertheless, the mean estimator, which is lagging behind recent market changes,
leads to wrong parameter estimates in and after the financial crises. Only the estimates for the
Bond-market remain robust. Without robust parameters choice, the majority of the markets should
not be traded.
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3.4 A two-regime approach
The portfolio back-tests using time-series estimators improved the results compared to the out-of-
sample ML analysis. Still, there are major drawbacks:
  the AR(1)-forecasts are not coherently outperforming the naive random walk assumption and
  due to the delayed mean estimates, all position within the financial crisis are down-scaled long
positions. Vice versa, after the financial crises, the majority of the mean estimators went
negative, leading to up-scaled short-positions.
A starting point, in order to resolve the given problems, will be implemented as follows:
  The mean estimates will be fixed according to modified long-term estimates by Siegel (1998),
implicating long positions only. This assumes a positive long-term drift. For further research I
will use separate time-series analysis, comparable to the AR(1) for the bond-market, in order
to verify markets, in which an edge can be gained. A real investment should only take place,
given a robust edge in the aimed market.
  As investments will be solely on the long-side, the positions will be completely closed / hedged, if
the conditional-volatility forecast from the GJR(1,1)-model lies above the scaled unconditional
volatility from past data using MLE under the Normal.
Hence,
if σt|GJR > α σt|MLE , ft = 0,
else ft = f(μ, σt|GJR),
with σt|GJR as forecast from the GJR(1,1)-model, σt|MLE as ML estimator from the past and α ∈ R+.
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3.4.1 Mean square error - revisited
The forecasting analysis of different choices of mean estimators has shown on average that the
random walk hypothesis cannot be rejected, except for the bond-investments. The two-regime model
structure implies setting the mean-forecast to NaN, if the conditional forecast for the volatility from
the GJR-model is larger that the unconditional expectation of the volatility given the past. Hence,
we are not setting a forecast for the mean in times of high uncertainty.
Going back to figure 3.7, estimators ten to sixteen are chosen upon the regime, using past-dependent
ML-estimators with a rolling period of 1000 days for different values of α. The two-regime approach
leads to smaller mean square errors for the mean estimates. As scaling factor α decreases, the
faster the MSE decreases, but the shorter are the investment periods. For estimators 17 to 23
from figure 3.7, the mean estimate vector is chosen according to long-term estimates, given by
μ = [0.06 0.07 0.05 0.06 0.02 0.02 0.02 0.03 0 0.08 0.03] for the eleven assets. Over the different
markets the mean estimators with the smallest MSE are estimators 14/15 and 22/23, using values of
α < 1. As the fixed mean estimators are not significantly different from the ML-estimators in terms
of MSE, the fixed estimators are chosen for the purpose of robust fractions over time.
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Figure 3.10: Covered time in the two-regime model
For the choice of alpha, the analysis in terms of MSE would suggest choosing α < 0.5. Calculating
the time period in % in which asset investments are covered / hedged, see figure 3.10, decreasing
values of α lead to decreasing periods of times being invested. In order to maintain an average
trading period around 80%, α is chosen to be one.
CHAPTER 3. EMPIRICAL BACKTEST: UNIVARIATE FINANCIAL MARKET RETURNS 76
3.4.2 Investment fractions
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Figure 3.11: Fractions, means and variances over time, out-of-sample time-series/fixed
The main implications are that
  in periods of low uncertainty, I assume a long-term drift to be existent in the price series. In
periods of high uncertainty, I will avoid any exposure in the invested market. The strategy is
linked to the leverage effect for econometric time-series models (Nelson, 1991).
  An additional advantage is that for long times of low uncertainty, the unconditional volatility
remains relatively low, implicating a direct cancellation of the position if the conditional volatil-
ity is increasing only slightly. In contrast, after a crises, unconditional volatility is relatively
large, giving room for long investments profiting from a presumed, fast recovery.
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The principle for the DAX investment can bee seen in figure 3.12. The first 1000 days from 2001-
2005 are the loading period, in which no investments take place. The DAX is normalized to 100, as
the wealth of the Kelly growth-investment at the beginning of 2005 in order to compare the series.
Before the financial crisis levered long positions lead to an out-performance in the market. Within
the financial crisis the conditional volatility forecasts from the GJR-model exceed the unconditional
volatility from the ML-estimates, leading to squared positions in the DAX. Hence, draw-downs could
be avoided.
Figure 3.12: Two-regime example for the DAX-investment
Still, there are drawbacks, which have not been resolved yet,
  mainly as chosen mean estimates are chosen arbitrary from the past. Thus, I assume that the
long-term trend will be existent in the future.
  The scaling factor α of the unconditional volatility is set to one in order to find a calibration
for the trade-off between decreasing MSE and reduced trade frequency.
  Draw-downs can only be avoided if the prices decreases are sharp, inducing rapidly increasing
volatility forecasts. As the same applies to large upswings in prices, prospectively, the measure
for uncertainty needs to be varied to capture downside risks in particular.
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3.4.3 Wealth dynamics
The wealth trajectories given the two-regime setup are given in figure 3.13 with according statistics in
table 3.9 and 3.10. For the full Kelly bet (γ = 0), the least performing market was the Deutsche Bank
investment, giving 83.985 (-1.7% p.a.) after then years. In contrast, the bond-market investment
gave 57180 (88.72% p.a.). Averaging over the markets the average final wealth is 1591.8, whereas the
median wealth trajectory of the S&P500 ends up with 187.53 (6.5% p.a.). For the risk-averse half
Kelly bet (γ = 0.5), Deutsche Bank remains the least performing investment ending at 93.155 (-0.69%
p.a.). The bond-market investment reduces to 11027 (60.1% p.a.). On average, the final is 315.77,
whereas the median end wealth from the S&P500-investment is 172.88 (5.6% p.a.). Remembering
the time series of the original assets over the horizon of 2005-2015, this is a significant improvement,
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Figure 3.13: Wealth Paths for full (left) and half (right) Kelly, out-of-sample Time-Series/Fixed, Gaussian
Except for the bond-market, in which it can be evaluated to drop the risky regime all-over, due to
the robust parameters, the other markets strongly benefit by the usage of risk-averse betting. As
tables 3.9 and 3.10 indicate, risk-averse betting reduces especially second and fourth moments of the
according investments. The Berkshire-investment for example, exhibits for the full (half) Kelly bet
an annual return of 15.59% (10.44%) with according standard deviation 46.36% (23.22%). Giving
up one third of the return for reducing the standard deviation by one half seems to be a reasonable
trade-off.
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In contrast to past section 3.3, tables 3.9 and 3.10 demonstrate that
  the mean has decreased solely due to the bond-market investment, which is not dependent on
the risky regime. The median strongly increases in contrast to the use of time-series estimators
without the usage of the risky regime.
  The standard deviation of wealth returns decreased substantially
  skewness becomes less negative and
  kurtosis tends to significantly smaller values.
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Results
The Kelly growth-optimum criterion is no holy grail. As long as the true data generating process of
the outcomes is known, the presented strategy outperforms any betting scheme in the long run, which
is significantly different. Under different parametric assumptions, the maximum of the expected log-
arithm of wealth can be solved analytically as presented. If there is no suitable closed-form solution,
especially for multivariate distributions beyond the Gaussian, the optimal fraction can also be esti-
mated by stochastic optimization methods.
In chapter 2, the theorems of Breiman (1961) could be validated in a simulation study, as the param-
eters were assumed to be estimated correctly. Betting the Kelly wager leads in the long run to the
strategy, outperforming the risk-averse and risk-seeking counterparts in terms of mean and time to
reach specific wealth targets. In short- and medium-term the growth optimum investment is never-
theless risky and contains significantly draw-down risks. Betting fractional Kelly strategies, such as
half Kelly is advised. For the assumed Gaussian returns it holds that the growth optimum portfolio
(full Kelly) is optimal in outperforming any other significantly different strategy and requiring the
minimal time to reach a certain goal. This result holds for short-, medium- and long-term simulations
as long as the first two moments of the joint probability distribution, from which was sampled, are
known. At each trial, the growth optimum portfolio maximizes the expected logarithm of wealth.
Even when the distribution is sampled from its non-parametrical form instead of the Gaussian, the
results hold. Those convincing asymptotics break down when the true first two moments from the
simulated distribution are not known. Using maximum likelihood estimators with different starting
data spans as foundation for the portfolio fractions, the risks in terms of draw-down probabilities are
increased significantly. Additionally, the full Kelly strategy is not maximizing the expected logarithm
of wealth anymore. On average the full Kelly strategy outperforms its fractional and over-betting
competitors, but relatively few, extreme upward trajectories lead to that result. Still, a simple in-
vestment based upon the time varying maximum likelihood estimators for the fraction derived in e.g.
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Merton (1992) is not advised, especially when daily re-balancing is, due to transactions costs, not
realistic. In the context of the simulation it would be sufficient to use larger loading periods, as the
data generating process is assumed to be constant over time.
This holds for the empirical back-test for various financial markets in chapter 3. Even when the first
two moments of the unknown future distribution are known, for the period covering the financial
crisis of 2008, constant portfolio returns are not realistic. As the Kelly growth-criterion proposed lev-
ered positions, the according portfolios of the eleven chosen assets underlie rapid changes in wealth.
Loosing the assumption of known moments by estimating the moments by maximum likelihood es-
timators from the past, intensifies the draw-downs significantly and leads to severe losses in the
financial crises. The only exception is the bond-market investment, which underlying parameters are
robust over time, favoring the use of the proposed Kelly bet. In order to overcome the heavy losses
during the financial crises, the average portfolio wealth has increased by using time-series estimators,
especially due to the conditional volatility estimates from the APARCH-model family. For the case
of high conditional volatility the investment fraction is decreased substantially. For lower times of
risk, the effect is vice versa. In essence, this comes at a price of increasing standard deviation of
wealth returns, further decrease skewness and highly increasing kurtosis. After the financial crisis,
the mean-estimators are turning negative, leading to, in combination with low volatilities, crucial
miss-specification of the presumed data-generating process. A starting point for a real implementa-
tion is a proposed two-regime approach: At first, mean estimators are fixed according to long-term
estimates and secondly, all positions are covered if the market is in the risky state, implying that
time-series volatility forecast exceeds the volatility forecast from past MLE. For all tested strategies
risk-averse strategies are calculated accordingly, indicating that a major reduction in variance or
kurtosis can be realized by sacrificing, relative to the risk, a small amount of expected return.
There is not one ad-hoc method, which is worth implementing over various markets. A robust edge
needs to be estimated for each market separately in order to use the strengths of the Kelly Criterion.
The main statistical focus remains the improvement of the mean estimate in terms of errors, although
I have shown that the cancellation of positions in times of high uncertainty decreases draw-downs
substantially. Further research will be a two-fold: On the one hand the optimization for the Kelly
bet needs to be restricted to measures of security in order to reduce especially tail risks. On the
other hand, parameter estimation techniques, especially for the mean estimator, need to be improved
in order to estimate a robust edge for a given investment opportunity.
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